LYAPUNOV EXPONENTS OF IID LINEAR COCYCLES
A LA FURSTENBERG

MARTIM DA COSTA AND JOAO LOPES DIAS

ABSTRACT. We study the Lyapunov exponents associated to the
product of i.i.d. random linear cocyles in SL(2,R). The existence
of these quantities and conditions to guarantee strict positivity
are established by a celebrated theorem of H. Furstenberg. These
results are used to prove the exponential growth of a random Fi-
bonacci sequence and to give an alternative approach to the study
of Lévy constants in the context of continued fractions.

1. INTRODUCTION

One of the goals of this work is to provide a self-contained and acces-
sible introduction to the work of Hillel “Harry” Furstenberg in [10, [9],
which laid the foundation for the study of Lyapunov exponents of ran-
dom linear cocyles. This is a topic which has received a lot of recent at-
tention based on its connection to discrete one-dimensional Schrodinger
operators. This link with the dynamical systems theory turned out to
be very fruitful, leading to many remarkable results, cf. [5] [T}, [6].

Lyapunov exponents quantify the exponential norm-growth of a dy-
namical system. If the Lyapunov exponents are positive, it means that
the system displays hyperbolicity and it is often called “chaotic”. This
fact reveals much of the asymptotic and statistical behaviour of the
orbits. There are very few non-trivial examples for which the positiv-
ity of the Lyapunov exponents is known. Furstenberg’s theorem gives
conditions for this property to hold for products of random matrices
and linear cocycles.

Our presentation of the proof of Furstenberg’s theorem follows the
one by Jairo Bochi [2] which is also inspired in [4]. As such, it is
a particular version of the general result, which instead of SL.(2,R)
considers the larger space SLy(n,R). Another goal of this paper is
to include the detail and background often omitted from the litera-
ture, thus providing a gentler presentation of these topics, accessible
to a wider audience. This accounts for the rather lengthy preliminary
section. Afterwards, we formally state the result and establish useful
equivalent conditions. We use these to study the random Fibonacci
sequence, and prove that its associated Lyapunov exponent is positive.
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Our last goal, in the final section, is to present a novel application
of Furstenberg’s theorem to a number theoretical problem. We find a
direct connection between Lyapunov exponents of random linear co-
cycles and Lévy constants for the growth of rational approximants in
continued fractions. We believe that this relation could be useful to ob-
tain new results. In particular, the recent advances in questions about
the regularity of Lyapunov exponents with respect to the distribution
of the stochastic iid process underneath, could lead to further insights
on the regularity of the Lévy constants.

2. PRELIMINARIES

Let (€2, F,p) be a probability space and f : Q — Q a measurable
map which preserves p, i.e. fup=po f~' = pon F (we also say that p
is f-invariant). Moreover, we denote the set of all 2 X 2 matrices with
determinant +1 by SL. (2, R). If A: Q — SL.(2,R) is measurable, we
construct a skew-product map given by

T:OxR? = QxR?
(w,v) = (f(w), A(w)v).

This is called the linear cocycle of A over f, and usually denoted by
T = (f,A). The orbit under T of the point (w,v) € Q x R? is

T (w,v) = (f"(w), A7 (w)v)
where

AP(@) = A (W) A2 W) -+ Af () A(w).

In this paper we are interested in studying one particular linear co-
cycle. Let (G, X, u) be a probability space with G C SL.(2,R). Define
o to be the shift map

o: GN =GN
(wl,wg,wg, .. ) — (u}g,w:g, .. )
and A : GY — G defined by (wy,ws, ...) = w;. Both maps are measur-
able with respect to the infinite-dimensional product space (GY, XN, V),
where XN denotes the o-algebra generated by the cylinder sets and p
denotes the product probability measure. The cocycle (o, A) is called
the product of i.i.d. random matrices. Its dynamics are given by

T"(wr, w2, ), 0) = (Wna1, Wng2y -« )y Wy »+ - WD),

Throughout this text, M, will denote the random variable defined by
M, (w) = A(c" 1 (w)) = wy.
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2.1. Ergodic theory. The map 7, : R — R" defined by = — 7,(z) =
x + v for a fixed v € R" is called a translation. The Lebesgue measure
A is known to be the unique measure on R™ which is 7,-invariant for
all v.

Definition 1. A group (G, -) together with a topology 7 is a topological
group if the maps

GxG—G G—G

(may>'_>x'y7 x !

are continuous.

Definition 2. Let G be a topological group and x be a measure on
B(GY} The measure & is said to be:
o left-translation-invariant if k(gA) = k(A) for all A € B(G) and
all g € G,
e right-translation-invariant if K(Ag) = k(A) for all A € B(G)
and all g € G.

Observe that R™ taken with its usual addition is a topological group.
The usual translation of a set A C R™ by a vector v can thus be
represented by vA, which is equal to Av by commutativity, so the
Lebesgue measure is one example of a measure which is both left-
and right-translation-invariant. It is then natural to wonder about the
existence of analogous measures in other topological groups.

Theorem 3. Let G be a compact topological group. There exists a
unique probability measure on B(G) that is both left- and right-translation-
invariant. We call it the Haar measure on G.

Proof. See [17]. O

The following theorem is a fundamental result in ergodic theory. It
establishes a connection between the long-term behaviour of a dynam-
ical system and its expected value.

Theorem 4 (Birkhoff’s ergodic theorem). Let (X, X, k) be a probability
space and f: X — X be a measurable map such that k is f-invariant.
If ¢ : X — R is k-integrable, then the limit

¢s(z) = lim = zpﬁ

n—oo N,

/@M_/¢M

The sum ¢(x) + ¢(f(x -+ ¢(f" 1 (x)) is called the Birkhoff sum
of ¢.

IThis is the Borel o-algebra on G.

exists for k-a.e. x and



4 COSTA AND LOPES DIAS

Proof. See [13]. O

Definition 5. Let (X, X, k) be a probability space and T': X — X a
measurable transformation. The map 7T is said to be k-ergodic if for
all Ae X

T A=A = k(A)=1ork(A) =0.
Theorem 6 (Kingman’s subadditive ergodic theorem). Let T be a

measure preserving transformation on a probability space (X, X, k) and
(gn)nen be a sequence of integrable functions which is subadditive, i.e.

gn+m(w) < gn(w) + gm(an)'

Then,
lim
n—ro0
for k-a.e. w, where g is a T-invariant function. If T is ergodic, then g
15 constant.

Proof. See [18]. O

= g(w) e RU{—o0}

9n(w)

The proof of the following proposition follows [19] as well as [2].

Proposition 7. Let (X, k) be a probability space and T : X — X a
measurable transformation. Suppose k is T-invariant and let f € L*(k)
be a function which satisfies

lim Y 7(19()) = +oo 1)

/de/i>0.

Proof. Let (s,)nen be the sequence defined by

n—1
Sp = Z foT’.
j=0
For € > 0 we define the two following sets:

A.={r e X:VneN:s,(z) > e} and Ba:UT_k(AE).

k>0

for k-almost every x. Then

We begin by proving that

K (U BE> =1 (2:2)

e>0

Suppose that z is such that (2.1]) is satisfied and that for every ¢ > 0
we have z ¢ B.. In particular z ¢ By for any [ > 1, i.e. TF(z) ¢ Ai e
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for all £ > 0, or, equivalently, for all & > 0 there exists n; € N such
that s, (T"z) < 1/i2. Therefore

o0
. 1 72
im s, . Z — =
l—o0 mt nl — [?

contradicting (2.1]).

Now fix € > 0 and let x € B.. Then, there exists at least one k > 0
such that 7%z € A.. Let k, denote the smallest such k. This entails
that, for all n € N

n—1
(T ) Z F(T9(T" )
Jj=
kyz+n—1
-2 fa
J= kz
> E.
Therefore, for every n > k, + 1,
n—1 ke—1
> f(Tx) Z f(Tx) + Z el (T (2.3)
§=0 Jj=kq

Let ¢ and 1 denote the hmlt of the Birkhoff averages of f and 1,4,
respectively. Divide (2.3) by n and then let n — co. We obtain

p(x) > ep(x). (2.4)
Now note that

= r(Ac)
and, since ¢(z) = 0 when = ¢ B,
[v@arta) = [ vi@ana)

= k(B:).
By Birkhoft’s ergodic Theorem,

/fd/f:/QOdK,EO
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so we only need to exclude the case of an equality, which is equivalent
to saying ¢ = 0 almost everywhere. Assume this is the case. By
0 = p(z) > ex(B.) and therefore k(B.) = 0 for all £, which contradicts
. The desired result follows from this contradiction. U

2.2. Lyapunov exponents. Lyapunov exponents are quantities as-
sociated to a linear cocycle. For a linear cocycle (f, A), its (upper)
Lyapunov exponent v is defined as

v = lim 1 log ||A(")H.
n—oo 1M

If the cocycle in question is the product of 2 X 2 random matrices,
which we intend to study, we obtain

1
v = lim —log||M, --- M| (2.5)
n—oo N

Suppose such a quantity exists and consider another arbitrary norm
-], on R?*2. From the finite dimension of R?*? it follows that any two
norms are equivalent. Therefore there exists a pair of real numbers
0 < C; < (5 such that the following inequality is satisfied

Col[ My - - My < [|M, - - Myl < Co[ My, - - M.

The logarithm function preserves the inequalities. We can then divide
by n and take the limit to obtain

1
v = lim —log||M, --- M],.
n—oo N

This establishes that v does not depend on the chosen norm, sup-
posing its existence. We now turn to the question of whether or not ~
is well-defined.

For an arbitrary function g define g™ to be the map = — sup(g(z),0).
If log™ || M, ]| is integrable and n,p > 1 then

108 [J A ()| < 108 [ Mgy () -+ Mugs @) + log [ Ma(@) - M)
= log HA(p)(U"(w))H + log HA(”)(w)”

by the submultiplicative property of matrix norms. Consequently the
sequence (log ||A™|]),en is subadditive and integrable. By Theorem @
we have

%log HA(”)(w)” = v(w) € RU{—o0}

for p-a.e. w € QY. Since o is pN-ergodic, « is almost surely constant.
This establishes the conditions for the existence of the Lyapunov ex-
ponent .

Unless stated otherwise, we fix ||M|| to be the spectral norm of a
matrix M, i.e. the square root of the maximum eigenvalue of MTM
and ||v|| the usual euclidean norm for a vector v € R.
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2.2.1. Examples.

Example 1. Consider a probability space (€2, F, i) such that supp(u) =
O(2} We have

. 1
) / lim  log || My(w) - - My ()| d ()
0(2)

N n—0o0 N,

1
< lim —log(1)

n—oo N

=0

using the fact that the product M, (w) --- M;(w) is an element of O(2)
by closure of the group operation, so | M,(w)--- M;(w)|| = 1.

Example 2. Suppose

t 0
Supp(,u):{{o 1/t] :tZl}.
Observe that

o I A |

So || M, --- M| = max{t, - t1,(t,---t1)"'} =t,---t;. Hence,
log([|My, - - - My]) = log(tn - - - t1).

By the usual law of large numbers

1
v = lim —

n—oo N

> log(ts) = Eflog||Mi]] > 0.
i=1

2.3. The one-dimensional projective space. We define the real
projective space of dimension one by first defining an equivalence rela-
tion ~ on R?\ {0}, stipulating that = ~ y iff there exists a € R such
that x = ay. The real projective space is defined as the quotient

RP! = R*\{0}/..,

i.e. the set of all equivalence classes. The equivalence class, or direction,
of x € R?\ {0} will be denoted by z and may be thought of as a straight
line passing through the origin or as the set of all linear combinations
of x denoted by span{x}. Such lines are entirely characterized by the
angle they form with the horizontal axis. Therefore there is an intuitive
identification between RP' and the interval [0, 7) and the two sets may
be regarded as interchangeable when convenient.

A matrix A in GL(2,R) induces a transformation on RP* in a straight-
forward manner: we start with an element z € RP' and consider z € Z.
We then perform the standard matrix multiplication Az and take the
equivalence class Az. This procedure results in a well-defined function,
given that it does not depend on the choice of x. In other words, for

2For a brief discussion of O(2) see section
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a given matrix A € GL(2,R), the induced map A : RP' — RP', is
defined by z — Axz. We selectively adhere to this notational distinc-
tion between a matrix and the map it induces in the projective space,
and likewise for a vector and its corresponding direction. More often
than not, we simply use the same symbol for both, unless we deem it
confusing.

The following lemma will be used later on.

Lemma 8. If A € R2*2 has rank one and v is a probability measure
on ]RIP’l, then A.v is a Dirac measure.

Proof. Sincerank(A) = 1, then there exists x € R? such that range A =
span(z) = Z. Let B C RP* be a measurable set. Then

A.v(B) = v(A"Y(B)) = {V(RIP’ ) ifzeB

Therefore A,v = 6. |

v(0) otherwise.

Finally, we note that RP' is a compact and separable topological
space.

2.4. Orthogonal matrices. A matrix A € R™*" is said to be orthog-
onal if AAT = I. We denote the set of all orthogonal n x n matrices
by O(n), which is easily checked to be a subgroup of GL(n,R).
Suppose A € O(n). Since AAT = I implies that
det(AAT) = det(A) det(AT) = (det A)* =1

then |det A| = 1, or, equivalently, A € SL.(n,R).
We now particularize our discussion to 2 x 2 matrices. Consider

a b
A=l
an arbitrary element of O(2). Since AT is an invertible matrix, its
corresponding linear transformation R4r : R? — R? is an isomorphism,
hence
span{(a,b), (¢,d)} = range Rar = R?,

from which it follows that the rows of the matrix A form a basis of R2.
Additionally, it is an orthonormal basis, because

a bl la c (a, D) (a,b) - (c,d)
AAT = = ’ ! Wl =1.
[C d} {b d} {(% b)-(e,d) (e, d)”
The fact that ||(a,b)|| = ||(c,d)|| = 1 implies the existence of 6 € [0, 27)
such that (a,b) = (cos,sin ) and, since (a,b) L (¢, d), the vector (¢, d)
is either (—sin#, cosf) or (sinf, — cosf). We have proven that

0(2) = H cos Sin@} 10 € [O,QW)}U{{COSQ sin 0 ] 10 € [0,2@}.

—sinf cos® sinf —cosf

Therefore, an abitrary matrix A € O(2) has norm equal to ||A| = 1.
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3. THE STATEMENT OF THE THEOREM

We now deal exclusively with the product of random matrices, the
linear cocycle (o, A) described earlier and its associated Lyapunov ex-
ponent. We assume that the measure p is such that the associated
Lyapunov exponent «y exists, i.e. we assume that log™ || M]| is inte-
grable.

Theorem 9 (Furstenberg). Let G, be the smallest closed subgroup
which contains the support of u. Assume that:

i) G is not compact.
i) For every finite, non-empty L C RP!, there exists M € G, such
that M (L) # L.

Then v > 0.

The next two propositions establish equivalent conditions for the
theorem, which are, in practice, simpler to check.

Proposition 10. G|, is compact iff there exists C' € GL(2,R) such
that CMC~ € O(2) for every M € G,,.

Proof. We begin by proving that
3C € GL(2,R),VM € G, : CMC™' € O(2) = G, is compact.

Assume that the premise of the implication above holds and let M be
an element of G,. Then CMC™' € O(2) and there exists R € O(2)
such that M = C~'RC. Applying the norm to both sides of this
equality yields

1M = [|[c= R < [ IRMCH = [e=H[IC].

Since the matrix C' is fixed and our choice for M was arbitrary, this
argument holds for all elements of G,,. Consequently, G, is bounded
and therefore it is compact.

We still have to prove the converse implication. To this end, suppose
G, is compact. By Theorem , a probability measure h, known as
Haar measure, exists on G, which is both left- and right-translation-
invariant. Define the quadratic form Qg : R?> — R by Qu(v) = vTIv
and @ : R? — R by

Q) = [ Qolgv) dh(g) = / lgvll? dh(g) > 0

G, G

which is a positive quadratic form. There exists a positive semidefinite
matrix B such that Q(v) = vTBuv for every v. So B = CT7C for some
matrix C' and

Qo(Cv) =vTCTCv = Q(v). (3.1)
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Note that C is invertible. Now let T, : G,, = G, be a translation map
defined by g — ggo. Then

Q) = [ Qolgv)dh(g)

M

= / . Golgv)dh(g)
Ty (G)

_ /G Qolgg00) dh(g)

= Q(gov).
This, together with (3.1)), yields

Qo(CgoC ™ w) = Qo(w)
which means CgoC~! € O(2) as desired. O

Before we prove the other equivalence we referred to (see Proposition
13]), we need a technical lemma.

Lemma 11. If M € SL.(2,R) fizes three directions then M = +1.

Proof. Let M € SLi(2,R). Suppose there exist distinct Z, T2, T3 €
RP' such that M(z;) = #; for i = 1,2,3. Equivalently, there exists
A1, Ao, A3 € R such that Mxz; = A\x;. The matrix M has at most
two linearly independent eigenvectors, thus, without loss of generality,
suppose

T3 = axy + Py
for some a, f € R\ {0}. Then
M.Tg = OéMfEl + 5]\/[.1'2 = oz)\lxl -+ ﬁ)\gl’z
and
)\31’3 = Oz/\ll'l + ﬁ)\gl‘g.
By linear independence A\; = Ay = 3. Additionally, |[det M| = X2 =1
implies that A; € {—1,1} and therefore M = +1I as desired. U

We will also need the following proposition, which we state without
proof.

Proposition 12. Let p: G — G’ be a group homomorphism. The
quotient group G/Ker o is isomorphic to Im .

Proof. See [1]. O

Proposition 13. Assume G, is not compact. Condition i) in Theo-
rem @ is true iff for every set L C RP' with #L € {1,2} there ewists
M e G, such that M (L) # L.
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Proof. The = direction is trivial. We prove the converse. Suppose
L C RP' is finite, i.e. L = {Zy,...,%,} and #L = n. By hypothesis

M(L) = {M(z1), M(z3),...,M(z,)} = L.

Since #M (L) = #L, each matrix M € G, induces a permutation ¢y, of
L. This allows us to define a group homomorphism ¢ : G,, — Perm(L)
where Perm(L) denotes the group of all permutations of L. The group
Perm(L) is finite and G/, must be infinite since we are assuming it
is non-compact. By Proposition , Gu/Ker o is isomorphic to Imp C
Perm(L) and therefore Gu/Ker ¢ is also finite. Since

G, = U Hker ¢

G
S
Hegr

is a finite union, each class in Gu/Ker » must be infinite. Consequently,
Ker o ={M e G,: p(M)=1} ={M € G,: M(z;) =z;fori=1,...,n}

is an infinite set. If n > 3 then, by Lemma [T} Ker ¢ is finite. This is
a contradiction and therefore n € {1,2}. O

3.1. An application to the random Fibonacci sequence.

Example 3. Consider the random Fibonacci sequence

P F, 1+ F, >, with probability p
" ) E,_, — F,_», with probability 1 —p

for n > 2 and Fy =0, F} = 1. The classical Fibonacci sequence occurs
when p = 1, and in this case F,, grows exponentially. We would like to
see how F), evolves when 0 < p < 1. Notice that

Fup|  [1 £1] [Fu
Fn+1 N 1 0 Fn '

A, = E (1)] and A_ = E 01]
We consider the probability space (€2, F, 1) where Q = {A,,A_}, F =
P(Q) and p=pda, + (1 —p)oa_ with 0 <p < 1.
In this case, the product of random matrices cocyle will be over the
product space (QN, FN ;).
Let G, be the smallest closed group which contains supp(p) = €.
We denote the classical Fibonnaci sequence by (C},)nen. Then

n __ Cn Cnfl
A+ N |:On1 C'112:|

Define

for n > 2. Given that C, grows exponentially, we have HAﬁH — 00 as
n — oo and this proves that G, is not compact. We next check if the
second condition of Theorem [ is satisfied.
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If L is made up of only one direction, then the fact that A_ has no
real eigenvalues shows that the condition is satisfied.

Suppose L = {Zy, T2} with Z; # Ty and M (L) = L for every M € G,,.
The matrix A_ cannot fix both directions since this would again imply
it has real eigenvalues. The remaining case is

A_i’l = T9 and A_i'g =T

which implies A%2Z; = 7; for i € {1,2}. Since A% has complex eigen-
values, no such set L exists. By Proposition and Theorem [9] the
associated Lyapunov exponent y is positive.

For a computer assisted computation of the Lyapunov exponent in
this context see [21].

4. PROOF OF THE THEOREM

In this section we fix 4 to be a measure satisfying the assumptions of
Furstenberg’s theorem (Theorem[J)). As mentioned in the introduction,
the proof follows the one in the notes by Jairo Bochi [2].

4.1. Properties of measures. Let (X, X, k) be a measure space. The
measure « is said to be atomic if there exists x € X such that k({z}) #
0. A well known example of an atomic measure is the Dirac measure.

If X is a topological space, we denote the space of all the probability
measures on (X, B(X)) by the symbol M(X) endowed with the weak*
topology. A detailed study of this topology is beyond the scope of this
text, but we will make use of the fact that M(X) is a compact space
if X is compact. This is the case when X = RP'. Furthermore, weak*
convergence is equivalent to the usual weak convergence of measures,
that is, (p,) converges to p iff

lim [ () dpa(x) = / f(x) dp()

n—o0

for every bounded and continuous function f on X. In this case we
write p, = p. Further details and proofs of these results can be found
in [20].

Lemma 14. If v € M(RP') is non-atomic and (A, # 0)pen is a
sequence of matrices converging to A # 0, then A,.v = A,v.
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Proof. Let f: RP' — R be a continuous function, then

lim f(x)dA,v(z) = lim foA,(z)dv(x)

n—0o0 RPI n—oo RPI

:/ lim fo A,(x)dv(x)
]R]Pl n—oo
= foA(x)dv(x)
RP!
= (33 ) CZA*V(.’E )7
RP!
where we have used the dominated convergence theorem and the con-
tinuity of f. O

Whenever convenient we may omit the domain of integration. In this
case, the reader should assume that the domain is the whole sample
space corresponding to the respective measure.

Lemma 15. If v € M(RP') is non-atomic, then the set of matrices
which preserve v, i.e.

H,={M € SLy(2,R): M,v = v},
is a compact subgroup of SLi(2,R).

Proof. 1t is a simple exercise in algebra to see that H, is a group. We
prove compactness. H, is compact iff it is closed and bounded. Let
(M,, € H,)nen be a sequence converging to M € R?**2. For each n we
have det M,, = £1 which implies M, # 0. As for the matrix M, note
that

det(M) = det ( Tim Mn> — lim det(M,) = +1,

n—oo

and therefore M # 0. We can apply Lemma [I4]to obtain M,,.v = M,v
ie. v = M,v and v = M,v as desired. We have proven that H, is a
closed set.

Suppose, in order to arrive at a contradiction, that H, is not bounded,
so there exists a sequence (M,, € H,),en which diverges. Consider the
new sequence (X,,) given by X,, = M,||M,||”". Since (X,,) is a se-
quence in a compact subspace of R?*? it has a convergent subsequence
(Xn,) with limit C. Since C' # 0, again by Lemma [14 X, .v = C.v
such that v = C,v. Now note that,

det C = det <lim M, > = lim ig =0

By the fundamental theorem of linear maps, rank(C') = 1. Lemma
would then imply that v is an atomic measure, contradicting our
assumption. 0
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4.2. Stationary measures.

Definition 16. Let v € M(RP'). We define ;1 * v to be the measure
on RP' which satisfies

[ @ s )@ = [[ 1022) duaiv o
for any bounded Borel function f : RP* — R. The measure v is said
to be p-stationary if pxv =wv.
We define the evaluation map by
ev: SLi(2,R) x RP! — RP*
(M,v) — Muv.
Let v € M(RP"). Notice that if B C RP' is a measurable set, then

s (B //]13 ev(A, 7)) du(A)dp()
= [t Dy x (4, )

= pxv({(A,7): AT € B})

= (ux v)(ev(B))
= ev,(u x v)(B).

Lemma 17. Every u-stationary v € M(RP') is non-atomic.

Proof. Suppose, so as to obtain a contradiction, that v is atomic. Then,
the quantity

f = max v({z})

zERP?
is positive. Let L = {x € RP' : v({z}) = B}. If L has infinite
cardinality, then we may consider a countable subset Ly = {z1,zs, ...},
but this contradicts the assumption that v is a probability measure
since

v(Ly) = v({xy,z9,...})
Y
.
Consequently, L must be finite. Now let 2, € L and note that
8 =vifad) = [ [ 1@ dvtaldud) = [0} du(dt) < 5

By definition, the inequality 8 > v({M'x¢}) is true for every M, so
v({M™x¢}) = B8 and thus M~'zg € L for y-a.e. M,ie. M(L) =1L
for p-a.e. M. This means that the set
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F,={M eSLy(2,R): M(L) = L}

has full measure, i.e. pu(Fy) = 1. Furthermore, Fj is closed, so
supp(p) € Fp, which implies that G, € Fp. This contradicts as-
sumption ii) of Theorem [9} O

Remark 18. It can be proven that u-stationary measures always exist
(see Lemma 3.5 of [4]). By Lemma , any such measure on RP' is
non-atomic.

4.3. Convergence of p-stationary measures. Let S, = M; --- M,.

Lemma 19. Let v € M(RP') be p-stationary. For pN-a.e. w € QY,
there exists v, € M(RP') such that

Sn(w)wr = v,
Proof. Let f € C(RP"). Define
Ff : SL:E(Q,R) - R

A@%/fwmmm@.

Let F,, be the o-algebra of SL. (2, R)N formed by the cylinders of length
n. Then S,(-) is F,-measurable. Let C' € F,,, then

//SLi2]R )M)d“(M)d“N(w):/CFf(Sn+1(w))duN(w).

By definition of conditional expectation, we obtain

E[Fy(Sup) | Ful = / L FrSAn )
/fSMx ) dv(x)du(M)

/f wY) dv(y (since p* v = v)

Therefore the stochastic process {F f( Sy) bnen is a bounded martingale
and as such it converges almost surely, i.e. the limit

Df(w) = lim Fy(S,()

exists for a.e. w € QY. We now use this fact to prove S, (w).v = v,
almost surely for some v,, € M(RP').

By the compactness of RP', the space C(RP') is separable. Let
{ fr}ren be a dense subset of C(RP'). The limit I'f;(w) exists in a set
L;, of full measure for each £ € N. Let

,C:ﬂ/:k

keN
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then

p (L") = (U ci) <D WL =0
neN n=1

and we conclude that ;N(£) = 1. Now consider w € £ and let v, be a
weak® limit point of the sequence of measures S, (w),v. Then

/fk dv, = lim /fk dSp(w).v
= lim [ froS,(w)dv

n—o0
~ lim F}, (5, (w)) dv
=T fr(w).
Since the limit is the same for all subsequences then S, (w).v = v,. O
Lemma 20. The measures v and v,, from Lemma[19 satisfy
Sp(W)eMyv = v, asn— o0

for p-a.e. M.

Proof. Let £ = {fi, f2,...} be a countable dense subset of C'(RP") and
fix k € N. We will prove that the following quantity is finite:

- e i ( [ fSa@nt)dv@) - [ (Sufw)a) dm))f dp(M).
Note that - _
:/gEuN (/fk(Sn(w)Mx) dy(x)—/fk(sn(w)x) dV(»’L"))2 dp(M)
zi [ ( [ isararay an) - [ fk<sn<w>x>du<x>)2 dp(M)
Define
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where the last equality comes from the fact that

[ Frsu32 du0 @) = [ (o) di)

Furthermore,

E* [Py, (Snt1 () Fp (Sn(w))] = B

N N

B (5 (Sna (@) Fy () | 7]
=B [F(Sal@)B" [Fr(Suir()) | 7
=E" [F}, (Sa(w))?] |

where we have used the law of total expectation in the first equality.
We have shown that

I, = B [Fy(Sni1())?] = B [Fy(Sa(w))?] -

Therefore, we obtain a telescopic sum

N
I = lim I,

N—oo
n=1

= lm B [Fr, (Sye1(w))?] = B [Fr, (S ())?]
(/ fk SN+1 ( >
< |1 fullo-

So I < oo and the series

5 ssonmosa- s

is convergent for uN-a.e. w and p-a.e. M. So

lim [ fu(Sp(w)Mz)dv(z) = lim [ fi(Sp(w)x)dv(z)

n—oo n—oo

- [ fiw) i

Since the set ¢ is dense, the result holds for any continuous function,
and we have proven the desired result. U

= hm Er

(f fsiwre) du<x>)2]

We now show that the measures v, above are necessarily Dirac mea-
sures.

Lemma 21. For yN-a.e. w, there ewists Z(w) € RP' such that v, =
02(w)

Proof. Fix an w € QY in the full-measure set for which

Sp(w)wv = v, and Sy (w)M,v = v,
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as n — oo for p-a.e. M. The sequence X, (w) = S, (w)||Sn(w)||”" has
a convergent subsequence because it is defined on a compact subspace
of R?*2. Suppose its limit is X (w). As reasoned before,
Sp(w)

lim ———— = X(w) = | X(w)]| =1

n—oo [y (w)]l
because of the continuity of the norm. Consequently, each X, (w) and
X (w) itself are non-zero matrices. By Lemma(l7] v is non-atomic, and
thus we are in a position to apply Lemma |14] to conclude that

X(w)ww = X(w) M =1,

for p-a.e. M.

Suppose X (w) is invertible. This would mean that v = M,v and thus
X is an element of H, as defined in Lemma [15] for p-a.e. M, therefore
G, € H,. We are already assuming that G, is closed and have now
concluded that it is a subspace of a compact space, which means it must
be compact, contradicting assumption (i) of Theorem 9 In conclusion,
X (w) must not be invertible, from which follows rank(X (w)) = 1. By
Lemma [§] X (w).r = 1, is a Dirac measure. O

4.4. Norm growth. We now prove that convergence to a Dirac mea-
sure tells us something about the norm growth of our product of ma-
trices.

Lemma 22. Let m € M(RP') be non-atomic and let (A,) be a se-
quence in SLi(2,R) such that A,,m = 65, where 2 € RP'. Then
| A.l| = oco. Moreover, for all v € R?,

AL
IAZ]

— (v, 2)].

Proof. Suppose &HAHH_I converges to A. Since [|A[| = 1, Lemma
implies that A,,m = A.m, hence A,m = ;. If det A # 0 then
m = A~1,0; is Dirac. Contradiction. Hence det A = 0. Now note that

det A, 1
— im
[AIP | nooe || Ay

s0 lim,,_, || A, || = 00 as desired. Furthermore, the fact that A # 0 tells
us that rank(A) = 1 and thus range(A) is a line. Suppose range(A) =
span{y} = 7 for some y € R?, then

Am({g}) = m(A ' ({g})) = m(RPY) = 1 = 5.({3})

and Z = y. Now suppose ||z|| = 1 and let {ej,e3} be the canonical
basis of R?. Then

Ae; = £||Aeq ||z and Aey = +|| Aes|z.

0 = |det A| = lim =

n—0o0
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a b
a=lod
then ||Ae;|” + ||Aes||® = a® + ¢ + b + d*. The eigenvalues of ATA
are \; = 0 and Xy = a? + b + ¢® + d? which, together with the fact

that ||A|| = 1, implies that Ay = 1 = ||Ae1||” + || Aes||*. Now let v be a
vector in R?, then

IIATUH =

Let

ATv,e1)? + (ATv, e5)?
v, Aer)? + (v, Aey)?
= ([Aex|” + | Ae2]) (v, 2)

v, 2)°.

/\/\/\/\

Thus,
AL v]*

noee || AL

= (v, 2)*.
U

4.5. Proof of Theorem @ Define P, = M] --- MT. Let v € M(RP")
be j-stationary. By Lemma [19 u there exists a measure v, € M(RIP’I)
such that P,(w).v = v, for pM-a.e. w. Then, by Lemma [21] there
exists a direction Z(w) € RP' such that v, = 07() for pN-ae. w.
Using Lemma 22] we obtain that

lim [P = Jim |P()] = o0 (@)
and
127 ()]l
TP — [{v, Z(w))] (4.2)

for pMN-a.e. w and every v € R%. Define
T: SL+(2,R)N x RP' — SL.(2,R)N x RP*
(w,Z) = (o(w), Mi(w)z)

and

f: SLL(2,R)N x RP* - R

M
(w, 7) > log [Mw)e]
]
Then
n—1
FT(w,)) = log IMnlel - Malell
’ [z
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for N-a.e. w and Z non-orthogonal to Z ) by (4.1) and . Since
v is non-atomic, the convergence holds u¥ x v almost everywhere. For
any w # 0

. IR
v = lim —log | sup

8
> [ s N (PRl i)

/hm ZfoTwa Yd(p X v)(w,w)

:/f(w,w) d(u™ X v)(w, w)

by Birkhoff’s ergodic theorem. Finally, by Proposition [7]
12 [ Hew)di x vw.w) >0

5. APPLICATION TO CONTINUED FRACTIONS

5.1. Continued fractions and the Lévy constant. It is well-known
since Gauss that any irrational number « € [0, 1] \ Q can be written as
a continued fraction in the following way:

1
o= —
a; +
as + ...
where the coeficients aq,as,--- € N. This representation is unique,

so for each irrational we have an infinite sequence of positive integers
a,. Notice that the coefficients a,, are computed using the Gauss map,
T:1[0,1] — [0,1], T(0) = 0 and

1

T(:r;):gmodL x # 0.

Indeed,
= Ll/Oén_1J .

where we denote the iterates of a under T' by
a, ==T"(a),  n €Ny,

and |-] represents the integer part of a number. The Gauss map 7'
preserves the absolutely continuous Gauss measure given by

1 1
A) = d
9(4) log2/Al—|—x “

for any measurable set A, and it is ergodic.
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If we truncate the continued fraction expansion up to the coefficient
a,, we obtain a rational number p,/q, in irreducible form. The se-
quence p,,/q, converges to o with very nice properties (see [12]). These
are called the convergents of a and we have

On = GnQn-1+ Gn-2, Pn = apPn—1 +Pn-2, N E Na

with g1 = po = 0 and ¢y = p_; = 1. It follows immediately that ¢,
grows at least exponentially.

The Lévy constant of an irrational « is the exponential growth rate
of the inverse of the product of the iterates of «,

1 —1
Aa) = ngrfoo " log(ag . .. ay1)

It is not difficult to show that this is greater than zero for any number.
It is a remarkable result, shown by Khintchine [14], that this value is
constant for a full Lebesgue measure set of numbers. The explicit value
was computed by Lévy [15, [16]. We give a simple proof below, based
on the fact that we know that T" preserves the measure g and using the
Birkhoff ergodic theorem. For other measures of interest, in particular,
singular measures supported on Cantor sets, this proof would not work.

Theorem 23 (Lévy-Khintchine). For Lebesgue a.e. a € [0,1]\ Q,
2
Ae) =

m
12log 2’

Proof. Observe that

Ala) = lim —Zlong /log(x)dg(m),

n—+oo N

for g-a.e. x, where we have used the Birkhoff ergodic theorem. Since g
is equivalent to the Lebesgue measure, the above holds also Lebesgue
almost everywhere. It remains to compute the integral

1 1
/ log(x) dp — _/ log(1 + x) iz,
0 1+ 0 T

where we have integrated by parts to obtain the right hand side of the
equality. Using the Taylor series of log(1 + z) = Y, .y(—1)¥ 2% /k with

lz| < 1,
1 (_1)k+1
Ala) = :
(@) log 2 kEZN k2

This last series is known to be equal to 72/12, as it is a simple exercise
using the Fourier series of z + x? on [—, 7| evaluated at 0. U

The above can be stated in a different context using two dimensional
matrices in G := SLy(2,R). Indeed, it is straightforward to check that

an| _ V4o
[1}—%...%_1’4” A1l1]
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where

—a, 1
An_[l O]EG

are hyperbolic, i.e. none of its eigenvalues have an absolute value of
1. In consequence, we get that the Lévy constant is the Lyapunov
exponent

1
Ala) = lim —log||A,--- A4

n—-+oo 1
It is also simple to verify that

n qn —Pn
L= A, A = (=1 : eN,
Q ! ( ) |i_Qn1 pn1:| "

and Qg = I. In this way, we also have the equality

1
Ala) = lim —loggq,,

n—+oo N

giving the exponential growth rate of the convergents of a.

5.2. Random cocycle. Consider the probability measure p on G de-

fined by
—a 1
([ al) -

for each a € N, where 0 <p, <1 and ) ypa = 1.
Recall now the shift map o: GY — GV,

o(wy,we,...) = (wo,ws,...)

which is simply the Gauss map 7" in different coordinates. In addition,
take the map A: GN — G,

Alw) = wy.

Denote by 7 the map that transforms a matrix in GG into the sym-
metric of its first entry. Now, take

7(w) == (Twy, Twa, ... ) = (ay,as,...).
Finally, let
o(ay,ag,...) €]0,1]
be the number whose continued fraction expansion is (aj, as,...) (this
map ¢ will be further discussed below). Hence, ¢ o #(supp pV) C [0, 1].

The linear cocycle (o, A) over a Bernoulli shift has Lyapunov expo-
nent y(w) equal to the Lévy constant A(a(w)), where

alw) = gow(w).
Theorem [9) can then be applied.
Proposition 24. A(a(w)) > 0 is constant and positive for pN-a.e. w.

Proof. Easy to check the conditions of Theorem [9] U
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This is a general result depending on the choice of the distribution
Pa- In the following we will transform it into a result on irrational
numbers.

5.3. Rank intervals. We are now interested in constructing a sort of
partition of the interval (0, 1] based on the finite continued fractions
of rationals numbers This will allows us in the sequel to relate full
probability sets with full Lebesgue measure sets of irrationals.

Given n € N, define a n-rank interval as a set in the form

Ay (k1. k) ={a€0,1]: a1(a) =k, ... a,(a) = kp}

for some integer vector (ki,...,k,) € N which is indeed an interval.
Moreover, there are only countably many rank intervals. Whenever the
integer vector is clear, we may simply write A,. Recall that a,(«) =
[ 1/an-1].
We associate the continued fraction expansion of a to the map ¢: NN —
R,
1
1
ot

az + —

(b(al, ag, . . ) =

As mentioned before, the image of ¢ is [0,1] \ Q and ¢ is injective.
Recall that « is rational iff there is some n € N such that «,, = 0. So,
ant1(a) = co. We thus obtain the rationals as limits of irrationals and
abuse notation to write

olay,...,a,) = lim ¢(ar,...,an, k,Gpioy...)
k——+o00

Observe also that

olay, ... an, 1) =o(ay,...,a, +1).
Also, for n even and k' < k,

dlay, ... an, k') < Play, ..., an, k),
and for n odd and k' < k,

dlay, ... an, k) < dlag,...,an k).

Now,

_Jlolar, ... an), 0(an, ... ,a, + 1)), n even
An(ah...,an)_{(gb(al,,,.,an—{—1),¢(a1,...,an)], n odd.
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It is clear that

lim |A,] =0,
n—-+00
where | - | stands for the length of the interval.

Lemma 25. Let n € N and (a4, ...,a,) € N*. Then the interiors of
the sets

| | Avalar,. . an k)

keN
and Ap(ay, ..., a,) coincide. Moreover, UpAq(k) = (0, 1].

Proof. The intervals A, 1(ay,...,a,, k) are disjoint by construction.
Suppose first that n is odd. So,

|_| Apii(ay, ... an k) = |_| [b(ar,...,an, k), P(ar,... an k+ 1))

keN keN
= [p(ar,...,an+1),0(ay,...,a,)),

which has the same interior as A, (aq,...,a,). Same idea for n even.
O

The push-forward of the u measure into [0, 1] is denoted by

n= ¢*7AT*,UN-
From the definitions of A, and 7 we get immediately that

n(An<a1a s 7an)) - Hpai
i=1

and
n({xz}) =0, x € [0, 1].
Additionally,
lim n(A,)=0.
n—-+oo

Proposition 26. Any interval J C [0,1] is a disjoint union of rank
intervals n-mod0.

Proof. Suppose J = («, 3) have rational edges, i.e. a,8 € Q. Let
o(ay,...,a,) = a and ¢(by,...,b,) = B their continued fractions. If
n = m, it means that both o and 3 are edges of A,, intervals. So, J is
the union of b, — a,, rank intervals (minus « and [ themselves).

Without loss of generality, assume now that n > m. Hence, since
both v and S are edges of n-rank intervals, J is again a union of A,,’s.

We now consider the case where « € R\ Q and 5 € Q. Let (ry,)nen
be a strictly decreasing sequence in J of rational numbers such that
r, — « and define the sets

Al = (T175)7A2 = (7“2,’)“1], o
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The union of these sets is clearly disjoint and equal to J and each
A; can be written as a disjoint union of finitely many rank intervals
excluding a set of n-measure zero.

We can apply the same reasoning for the case o« € Q and § € R\ Q.
Finally, if @ and [ are both irrational, we split the interval by picking
a rational  such that J = («,r] U (r, 8) and treating each subinterval
separately. O

5.4. Lévy constant for subsets of irrationals.

Theorem 27. If p, > 0 for all a € N, then n is equivalent to the
Lebesgue measure A on [0, 1].

Proof. We first prove that A(A) = 0 implies n(A) = 0. Suppose A\(A4) =
0 and let € > 0. By the familiar characterization of Lebesgue-null sets,

there exists a sequence of intervals Uy, Uy, ... C [0, 1] such that
i=1 ieN

Without loss of generality, we can assume that U; fits inside one
rank interval (otherwise we can split U; into subintervals which do).
Let Ay be the highest order interval for some vector (ks oy Ky(s)) for
which U; is a subset of. Thus,

£(i)
n(Ui) <n(Ays) = Hpkj'
j=1
This last quantity can be made arbitrarily small by decreasing the
chosen value of . In particular, for any 6 > 0 we can find € > 0 such
that it is smaller than §/2°. We have shown that for every § > 0 there
exist intervals Uy, Us, ... C [0, 1] such that

TR SUUAES S
=1 =1

from which n(A) = 0 follows.

We now prove the converse. Assume 7(A) = 0. The measure 7 is
regular since it is Borel. Hence, for € > 0 there exists an open set O
such that A C O and n(O) < . By Proposition the set O is the
countable union of disjoint rank-intervals (n-mod 0) denoted by A®.
Hence,

n(0) = ZH(A“)) <e

Thus we can cover A with rank-intervals of arbitrarily small n-measure.
Because p, > 0 for every a € N, this implies that we can make A(A®)
as small as desired (if some p, = 0, we would have rank intervals with
zero n-measure, so we exclude this situation). That is, we decrease the
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n-measure by increasing the order of the rank intervals, which means
that their length get also smaller. In particular, we can fix § > 0 and
pick ¢ > 0 such that A(A®) < §/2!. From this follows that

AA) < AO) < 4,
and so A\(A) = 0. O

The previous results imply that A is positive and constant Lebesgue
almost everywhere, as in Lévy-Khintchine’s theorem. It does not give
the actual value of the Lévy constant, as that is the result of the pleas-
ant fact that the invariant Gauss measure is explicitly known. However,
the application of Furstenberg’s theorem can give some insights about
Lévy constants for other sets of numbers, of zero Lebesgue measure.
As an example, consider the bounded type irrationals, that is the ones
that have a bounded sequence of the continued fraction coefficients:
a, < M for some fixed M > 0. So, let p, = 0 for a > M. From Propo-
sition [24] we also know that the Lévy constant is constant for some full
pY measure set. This corresponds to a Cantor set in [0, 1].

The above ideas can be also used for another important function,
the Khintchine’s constant [14],

1
Ko(a) = nggloo - log(ay . ..ap).

Many questions arise about the properties of the functions A and K|
(see e.g. [8, 22]) with respect to «, which become related to questions
about the regularity of v with respect to u (cf. [3, [7, [6]). We believe
that this connection could be useful to enlarge our understanding of
number theory with respect to continued fractions, in particular in
higher dimensions.
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