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Abstract

These notes are based on part of the series of lectures called “Introduction to
Hamiltonian Dynamics and Invariant Curves of Twist Maps (K.A.M.)”, given at the
Workshop on Dynamical Systems held at the I.C.T.P. Trieste, 31st August to 18th
September 1998, by Michael Herman (Université de Paris VII). Here we present the
Theorem of the translated curve for C*-perturbations, k& > 4, as proved by Herman.
For a complete exposition of the subject, including a proof for & > 3, see [1] and [2].

1 Translated curve Theorem

Definition 1 Let v > 0 and 7 > 1. The (v, 7)-Diophantine set is
DC,,={a€R: Ja—p/qgl >y " p/geQq>1}.
CT, = DC, ; is the set of the constant type numbers.

Let A=T! x R and A; = T' x [-§,6], § > 0. For a function ¢: As; — R of class C*,
we consider the norm, for £ =0,

l¢llco = sup (0, )],
As

and, for £ > 1, the semi-norm

l¢llor = sup sup |9;070(0,7)].
1<i+5<k As

If ¢: T" — R is a continuous mapping, in the same way we define the C°%-norm to be:

|1¥]|co = Sup v (0)].



Definition 2 An L?-Sobolev space is a set
Wh2(TY) = {4 € L*(T",R; df): || DF||,2 < +oo},

where DF1) is the k-th derivative of 1 in the sense of the distributions, and the L?-norm
is given by || - |lz2 = [ |- [?df. That is, if ¥(0) = Y, 5 an€®™™, then DF(0) =
> ez (2min)Fa,e?™™ This space, equiped with the norm

nez

1
[ llwee = (laol* + [D*¥172)*

is a Hilbert space. Its topology is called the W*2-topology. We also define the related
space Wy (T) = {1 € WF(TY): [, ¢(0)do = 0}.

Note that C*(T?) ¢ WH2(T!) c C*~2(T') ¢ Wk L2(T"), and that the trigonometric
polynomials are dense in W*?2(T!) for the W*2-topology.

Theorem 3 (Translated Curve Theorem) Let § > 0, o € CT, with
= inf ¢*la— >0,
7= inf @lo—p/q
and an embedding F': Ay — A given by
FO,r)=0+a+r+p(0,r),r+ pa(0,7)), (1)

with o; € C*Y(As,R), j € {1,2}, k > 3. There are positive constants ¢ and Cy, such
that, of
Sup ||30j||ck+1 S Ck inf{72776}7
j

then there is a unique pair (¢, u) € WF2(T!) x R such that the map f: T' — R,

f=ld+a+9+@i(-,v)

has rotation number p(f) = «, [|¢]|co < d and

F(0,9(0) = (f(0),¢0 f(0) + ), (2)
for all ® € T' (i.e. F translates the graph of 1 by ). Furthermore,

C
[#llwes < == sup gyl grsn
Y
j

and |p| < [/@slco-

Remark 4 By a change of coordinates, we can set ¢ to have a zero, i.e. p1(0,r) =0 for
some (0,7) € As. In this situation we can prove that there exists a constant £ > 0 such
that

lpalleo < Kllpa]lorsr (3)

This inequality will be used in the following.
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2 Proof of Theorem 3

2.1 Preliminaries
For k + 1 > 3, denote

DF(TY) = {f € DIff*(R): f(z+1) = f(z) + 1,z € R}
DF(T') = {f € DY(T"): f —1d € W**(T")}.

For some ¢;, > 0 satisfying &7 < £, consider the set
kY
KE o = {0 € WEP(T): | D gollze < 252}

Having ¢ € KF o let Wo: ¢ = 1 = 1o + Aa(th), where A\,: KF ; — R is the function
that gives the unique A\,(¢9) € R such that p(fy) = o, with f, = Id+ a+ ¢ + ¢1(-,9)
(see [3] II.). By this uniqueness property, it can be proved that the map 9y — A, (1) is
continuous for the C%-topology.

There is the property that if p(f) = «, then f o R_, has a fixed point (see [3] II.).
That is, there exists §* € T! such that f o R_,(0%) = 6*. Thus |\ (10)| = |¢0(6* — a) +
P1(0" — o, o (0" — ) + Aa(to))], and

[ Aa(W0)| < [[thol|co + (|1 co-
If g = Zn?ﬁo ane?™ ¢ ka 0, then

[Pollz> < [[Yollco < 22 Janf = 3 fanlg

n#0 n#£0
3 1
: 2
<A Sy L) = Z |a,2min? Y 5%
e " n>0
< [ Dtbol| 2,
where we used the Cauchy-Schwartz inequality. By recurrence,
)
IWollco < DMl < 2 < . n

The mapping ¥y — f = Id + a + 1 + Aa(t0) + ¢©1(-, %o + Aa(tho)) is a bijection
if |D¥f||.2 < b, with b small. It is also weakly-continuous, i.e. continuous for the

weak-topology, in W#*?2(T!): If wén) — 1) (i.e. (1/1671) — 1y, &) — 0 as n — +oo for all
£ € WF2(TY)), then

W0 = W () = o = W),
and

£ =14 a4 o (™) = .
With the weak-topology the map W, : 1y — 1 is an homeomorphism.
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2.2 Functional equation

Let Gy: T' — Ay such that Gy (f) = (6,¢(0)). Comparing (1) with (2), we want to solve
the equation for (¢, p):

Yo fy—1=proGy+p (5)
Differentiating it three times, we get
Do fu(Dfy)® = D*P[L = Dipo fy(1 4 @1, 0 Gy) + o, 0 Gyl = By,

where

B¢, = D [3027979 o) G¢, + 2(,02797T o} Gwa + 902,r,r o} Gw (D@U)Z] — 2D2'¢ e] wafdﬂDZf?/J—'—
+D*YD[=Dyp o fy(1 4 1, 0 Gy) + @2, 0 Gy|—
—D{Dy o fy[D(p19 0 Gy) + D(p1, 0 Gy) DY}

When ¢ € WF2(T"), as F € C**'(Ay), we have that By, € W*=22(T!), k > 3. Divide the
equation by (Df,)* and denote

{ ay = (Dfy) [l = Do fy(L4 1,0 Gy) + a0 Gy (6)
1y = (D fy) "> By,

where a,, € WF=12(T") and n, € W#=22(T"). Then, we want to find a solution to
Do fy — ayD*) = ny.

If ¢ and ¢ are small enough, then

1
—1 < -,
fla = 1llen < 5

A good choice of ¢ is the one given by
¢ inf{?, v} < 0%77,
for some constant C' > 0 such that
[fy = Rallwez < ey and [loifco < exy.
Note that [|[D*fyl|r2 < ||fy — Rallwe2 < exy. Using (3) and

1fp = Ralliyre < (Aa(do)l + l91llco)® + (ID*ollL2 + llorllore)?

<
< S1[(1426C)2 + (14 C)Y)F

we find that it is possible to get C' > 0 under the above conditions. This implies that, for
any g € ka,m the function ¢ = W(v)y) verifies:

o 0

J
[6les < ollen + ()| <+ +5 =3 (7

So, in the following we will be able to make use of the next result:
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Lemma 5 Let f € D*(TY), k > 3, with p(f) = « and ||f — Ra|lwr> < exy. If a €
WHEL2(TY) and |la — 1||co < %, for all np € WE22(TY), then there exists a unique pair
(11, v) € We™2(T') x R such that

Yrof —ayy =n+wv.
Furthermore,
- C' k2
D524 [ 12 < 7||D ulip%

for some constant C' > 0 depending only on ||D¥ a||p> and &y

So, given a function ¢y € KF* ;, and thus fy, ay and 7, with ¢ = WU(th), we get a

€k
unique function ¢, 4, and a constant v such that

Vo © fyp — aypthryo = My + v, (8)

and

g
D534y 12 < .o < 5T
2

2.3 The mapping ¢

The above result leads us to define the mapping ®: K*

8k,0

D*(2(th0)) = Y1,0- (9)

— KP* ,, such that
k»

It is well defined (by integration within the space KF ) since ¢y, € KE ¢ is unique for

€k,0
each ¢ € K .
Lemma 6 & s weakly-continuous.

Proof: Given a sequence Kk,wo E) 1/1(()“) — Yy € kap, we have, with ¢ = \I!a(t/}én)) —

£

VY =Wa(t0), fpm = fy, aymy — ay and nym — 1y. Note that ¥, is an homeomorphism
for the weak-topology. For all n € N there is a function w%n) such that w%n) O fypm —
aw(n)ﬁ")_: Nyn) + v Taking any convergent subsequence with limit U1, we get 1y o
fv — apty = ny + v. By uniqueness of the pair (¢, ) we have ¢, = ¢; and v = v. Thus
Py ie D3@(YM)) — D3(®(1y)). By integration ® is weakly-continuous. O

2.4 Existence of solution

Lemma 7 (Schauder-Tychonoff fixed point) Let E be a locally conver topological
and Hausdorff vector space, and K C E compact, conver. If ®: K — K 1s a continuous
map, then ® has a fized point. In particular, E = L* with the weak topology and K =
Kk

€k,0°



So, there is some 9§ € KF , such that ®(¢f) = 5. Let " = 9§ + Ao (). Thus,
fo € DM2(T") satisfies p(fy+) = a. The graph of ¢* is included in A; as given by (7).
Furthermore, from (8) and (9), D*¢* o fy — ayD3* = ny« + v, with ay- and 7y given
by (6). This is the same as writing

D?(y* o for =" — a0 Gy-) = V(wa*)?’.

Because D f,- > 0 and the first term of the above equation is the derivative of a periodic
function on T' (meaning that it must have a zero), we have v = 0. Integrating this
equation on T!, i.e. we are looking for 1-periodic solutions, we get

Yo fyr — V" = @y0Gy- + 1, (10)

for some constant p € R. Therefore, we found a pair-solution (¢*, u) € W*?(T") x R for
the equation (5).

2.5 Uniqueness of solution

Consider two pairs of solutions (¢, 1) and (9, ug) of (5), and the curves C) and Csy
graphs of the functions v; and vy respectively. Uniqueness follows from the prove that
these pair-solutions must be the same.

Let i =L_,, oF and F, = L_,,,,, o F be maps of A; into itself, where L,(0,r) =
(0,7 + p) is a translation in r. Thus Fj|¢, is conjugated by the first projection to fy,. As
p(fe) = p(fy,) = a & Q, by [3] II1.4 we have that fy, o fw_; has a fixed point. Hence
Cl N CQ 7é @ and

Fi(CiNCy)NCy #0, (11)

because Fi(Cy) = C}.

Suppose that p; # pe. Then Fi(Cy) N Cy = () and the open annulus A C A, with
borders Cy and Fi(Cy) is wandering by Fi, i.e. for any n > 1, F{*(A)NA=0. AsC; is a
Fi-invariant set and Fi|c, is a minimal homeomorphism (the Fj-orbit of any point in C}
is dense), we have F}(Cy) N Cy = (). Otherwise it should exist an integer n > 1 such that
F'(ANCy) N A =0 contradicting the minimality of Fi|c, (see Fig. 1). So, by (11), the
hyphothesis 111 # ps is absurd.

Now, as F1(C;) = C;, the Fy-orbit of (0,7) € C; N Cy is dense in C) and in Cy (by the
minimality of F} in these sets). Therefore, C} = Cy, i.e. ¢ = 1,.

2.6 The inequalities
Here, we will make use of the local conjugacy Theorem for Sobolev spaces (see [1] pp.184

for a proof), since we have |[D¥fyll2 < ||fy — Rallwre < exy and, with f, € D**(T!),
Denjoy’s theorem gives us that log D f, is of bounded variation.



R () c,

Figure 1: If the curve Fj(Cy) intersects C, then there will be no iteration under Fy of
ANCy back in A (all the curves are in A).

Lemma 8 (Local conjugacy) There exists g, > 0, C" > 0 such that, if f € D¥*(T!),
p(f) =aeCT,, k>3, and

Hog Dfflco < 1, [[D*fllz2 < e,

then there is h € DF"12(TY) with h(0) =0, f =ho Ryoh™! and
C//
|DF R < ——||D*fll2 < C"é.
v
By the previous Lemma fy« = ho R, oh . Hence we rewrite (10):

Y ohoRy =" oh=@y0Gy oh+p.

Integrating over T,

Il = / 029Gy hOID| < sup|2(0.1)] = lalcn
’]I‘l

When ¢y, is small,

! "

C
|1 D5 llwi—s2 < — [0y [lwi-22 < — sup [|@;|lcr+r,
Y T

for some constant C"" > 0. Thus, using (4),

[0 e = [Xal¥5)]? + 1 D*5 12 ) )
(cllD3¢6‘||wk—3,2 + Kllerller)? + (1D ns.2
= sup ||| cr,

J

ININA

for a constant Cy > 0. This completes the proof.

3 Proof of Lemma 5

Consider a € CT,.



Lemma 9 Letn € Wém, k>1, and A > 0. Then there exists a unique ¢y € Wéﬁm such
that

$x 0 Ra — Ay =1, (12)

and

1
DF1 s < —||D*n| ;2. 13
1D alle < = 1D* (13)

Proof: We start by decomposing n and ¢, in Fourier series:

n= § : ﬁn627rm07 (b,\ _ § : ¢n627rm0.

nez\{0} neZ\{0}

The function ¢, solves (12) if (e2™® — \)¢, = 7, defining uniquely 1, and hence .
Because

le2mine _ X[ =[(\ — 1)%cos®(nma) 4 (1 4+ A)2sin?(nwa)]z
> (14 \)|sin(nra)| > %,
we have that |¢,| < ‘2%'|ﬁn| = ﬁ|5\nn| Le. ¢y € Wy " and (13). O

Remark 10 If A # 1, then ¢, € W2

Lemma 11 Let { € C°(T"), ||( — 1||co < 1 and a € WF'2 |la — 1]|co < ;. Then, for
any n € Wo = k > 3, there is an unique pair (1, v) € W12 x R such that (1, ) = 0
and

YpoRy—ayy=n+uw. (14)
Furthermore,
D40l < 1D 2,
where C is a constant depending on k and on ||D¥a)|z-.

Proof: We can find b € W¥2 such that

log(bo R,) —logh = —loga +/ log a.

’]1‘1

Therefore a = Ab/(bo Ry) with A = efr11°8¢. We look for (1, v) such that, multiplying
(14) by b and writing v = vy + (1 — \)p,

(¥b) o Ro — A(Y) = bo Ra(n +v),

_ fqu(boRa)Tl
where vy = ST



When A =1 we have v = vy. Let 1) = (¢ + p), with ¢, € WE L2 then the function
¢, satisfies
¢10 Ro — d1 = (bo Rq)(n+ vo).

Note that (bo R,)(n + 1) € W(f’2, so, by Lemma 9, we get a unique function ¢; as
above. For a given ¢ we choose uniquely g such that ((¢1 + p)/b,€) = 0, ie. p =
— Jp1(01£/0)/ [1(£/D). Therefore, there is a unique ¢ = 3 (¢y + j1).

When A # 1, following Remark 10, we have a unique ¢, € Wé€’2 such that

dro Ry — APy = (bo Ry)(n+1p),

We also have a unique y € W*? such that
XoRy—Ax=(boR,)(1—\),

X > 0 and n%iln b(d) < x < max b(0), given by

+00 +oo
. 1
x=(1-=2X) E NboR_jo, x=—(1-2X) E ﬁbORja,
j=0 j=1

for A <1 and A > 1, respectively. Note that [, x = [, b. The general solution of (14) is
Yy = %((b,\ + pXx), vy = vy + (1 — A)p. As £ and x are of constant sign, there is y, unique,
such that (¢, ¢) = 0. The inequality follows from Lemma 9. O

We suppose that we are under the conditions of Lemmas 5 and 8. So, we have f =
ho R, oh™! and thus

(Y10oh)o Ry —(aoh)(Yroh)=(noh)+uv

Then apply Lemma 11 to aoh € W* 12 noh € Wk=22 4, o h and ¢ = Dh, satisfying
|¢ — 1f|co < 7. Hence, there exists a unique solution to the above equation, (¢ o h,v),
such that

/Mohth@:/ Gidf =0 = ¢y € Wy ™2,
T?! T1

and

N cte N C’ N
| DF =34y || 2 < 7||Dk *(noh)|r: < 7||Dk 21l 2.

This concludes the proof.
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