HAMILTONIAN SUSPENSION OF PERTURBED
POINCARE SECTIONS AND AN APPLICATION
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ABSTRACT. We construct a Hamiltonian suspension for a given sym-
plectomorphism which is the perturbation of a Poincaré map. This is
especially useful for the conversion of perturbative results between sym-
plectomorphisms and Hamiltonian flows in any dimension 2d. As an
application, using known properties of area-preserving maps, we prove
that for any Hamiltonian defined on a symplectic 4-manifold M and any
point p € M, there exists a C*-close Hamiltonian whose regular energy
surface through p is either Anosov or contains a homoclinic tangency.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let (M,w) be a compact C*° symplectic 2d-manifold, d > 2, with a
smooth boundary OM. Let C*(M), 2 < s < oo, stand for the set of C*-
Hamiltonians on M constant on each connected component of M. We
endow C*(M) with the C"-Whitney topology. The return map of a Hamil-
tonian flow to a transversal section in an level set of the Hamiltonian is
called the Poincaré map (see section 2.1). Our main result states that if we
perturb the Poincaré map of a periodic orbit, there is a nearby Hamiltonian
realizing the new map.

Theorem 1 (Hamiltonian suspension). Let d > 2 and H € C*°(M) with
Poincaré map f at a periodic point p. Then, for any ¢ > 0 there is § > 0
such that for any symplectomorphism f being 6-C3-close to f, there is a
Hamiltonian H e-C2-close with Poincaré map ]7 at p.

The proof of the above theorem is contained in section 3. It is based on
the construction using generating functions of an isotopy between f and f,
that extends to a Hamiltonian flow. The possibility of such type of sus-
pensions of Poincaré maps was mentioned in [7] when the manifold is the
annulus (see also [6]), but without an explicit construction. An approxi-
mated suspension used in [17] by Takens is insufficient for a direct relation
between the dynamics of maps and flows in many applications (as the one
presented below).
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1.1. An application. A few years ago Palis conjectured that any dynami-
cal system can be approximated in a certain topology by a hyperbolic system
without cycles, or by a system exhibiting either a homoclinic tangency or
a heterodimensional cycle (cf. [14, 15]). Later, Pujals and Sambarino [16]
proved this conjecture for the C'! topology in the context of diffeomorphisms
on compact surfaces. Notice that there are no heterodimensional cycles for
surface diffeomorphisms.

A version for flows appeared in [1] stating that on a 3-dimensional compact
manifold, a vector field can be C'-approximated by another satisfying only
one of the following phenomena:

e uniform hyperbolicity with no cycles,
e a homoclinic tangency,
e a singular cycle.

It has been further conjectured ([15, Conjecture 4]) that the last situation
above can be replaced by a singular hyperbolic set (see [12] for the defini-
tion).

Related results can be obtained when restricting to conservative systems.
In fact, any divergence-free vector field defined on a 3-dimensional closed
manifold can be C'-approximated in the same class by a vector field either
Anosov or with a homoclinic tangency associated to a hyperbolic closed
orbit [4]. This was recently generalized in [9] for a d-dimensional closed
manifold, d > 4: any divergence-free vector field can be C'-approximated
by another one satisfying either one of the properties of the 3-dimensional
case, or with a heterodimensional cycle. Here we address the problem of
obtaining a version of [4] in the Hamiltonian context.

For each H € C*(M) one has the Hamiltonian vector field Xy and the
Hamiltonian flow ¢!;. Consider an energy e € H(M) C R and the associated
@b -invariant energy level set H '(e). An energy surface is a connected
component of H~!(e). We say that it is regular if it does not contain critical
points. A regular energy surface is Anosov if it is uniformly hyperbolic (cf.
[5]). It is far from Anosov if it is not in the closure of Anosov regular
energy surfaces. Moreover, Anosov regular energy surfaces do not contain
singularities or elliptic closed orbits.

Theorem 2. Let d =2, H € C*(M) and p € M. There exists a Hamilton-
ian C?-close to H whose reqular energy surface through p is either Anosov or
else it contains a homoclinic tangency associated to some hyperbolic closed
orbit.

Recall that the existence of homoclinic tangencies is a sufficient condition
to have elliptic points (see [13, 8]). We see that it is also a necessary condition
for, at least, a sufficient C''-close vector field.

Theorem 3. Let d = 2, H € C*(M) and p € M lies in an elliptic closed
orbit of H. Then, there exists a Hamiltonian C?-close to H whose regu-
lar energy surface through p has a homoclinic tangency associated to some
hyperbolic closed orbit.

In the proof of Theorem 3 (section 4.4) we apply a mechanism introduced
in [10] to create homoclinic intersections by perturbations of area-preserving
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maps with elliptic points (see section 4.3). We use that in our context
by finding a Hamiltonian flow (through Theorem 1) that yields a Poincaré
map with the same properties. Theorem 2 is then a direct consequence of
Theorem 3 and of the Newhouse dichotomy (Theorem 4.1).

We remark that the result in [10] holds also for real-analytic Hamiltonians.
However, the problem of suspending a real-analytic Poincaré map into a
Hamiltonian flow is of a very different sort because of the lack of real-analytic
bump functions, and remains an open problem. So, in the absence of such
suspensions, it is required to find versions of the perturbation results directly
for flows.

Newhouse in [13] showed that a Cl-generic area-preserving map is either
Anosov or it has a homoclinic tangency. Furthermore, he proved that ho-
moclinic tangencies yield elliptic orbits by a perturbation. Theorem 3 is the
converse of this last step in the Hamiltonian context, while Theorem 2 is
the first step but obtained using a different argument.

2. PRELIMINARIES

2.1. Poincaré maps. Consider H € C*(M), s > 2 or s = 0o, and a closed
orbit O with least period T > 0 for ¢%;. At a point p € O consider a
transversal ¥ C M to the flow, i.e. a local (2d — 1)-submanifold for which
Xp is nowhere tangencial. By choosing e = H(p), define the dimension
2d — 2 symplectic submanifold

Y. =SNH ({e}).
Thus, for any = € X,
T,H '({e}) = T, 5. & RXy (),
where RXy(z) stands for the flow direction.

Let U C M be some open neighbourhood of p and V. = U N %.. The
Poincaré (section) map f: V — X, is the return map of ¢l to X.. It is
given by

f@) =gy @), eV,
7(z)

where 7 is the return time to ¥, defined implicitely by the relation ¢, (z) €
Y. and satisfying 7(p) = 7. In addition, p is a fixed point of f. Notice
that one needs to assume that U is a small enough neighbourhood of p.
Thus, f is a C*~l-symplectomorphism between V and its image. Moreover,
any two Poincaré section maps of the same closed orbit are conjugate by a
symplectomorphism.

2.2. Hamiltonian flowtube coordinates. Denote the coordinates in R24

as (r1,...,%4,Y1,---,Yq). The canonical symplectic form is given by
d
wo = Zd:ﬂl A dy;.
i=1

The Hamiltonian vector field of any smooth Hamiltonian H on (R??,wy) is
then

Xy =JVH,
where J = (_I é) and [ is the d x d identity matrix.
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Consider Hy: R?? — R given by Hy = 4, so that
_ 9
Oxg
Hence, the flow is w’}{O =id+(0,...,t,0,...,0).
The following results provide us with the above coordinates, useful to

perform local perturbations of a Hamiltonian defined on any symplectic
manifold (M,w).

X,

Theorem 2.1 (Hamiltonian flowbox, cf. e.g. [3]). Let H € C*(M), s > 2
or s =o00, and p € M. If dH(p) # 0, there exists a neighborhood U C M
of p and a local C*~'-symplectomorphism g: (U,w) — (R?? wq) such that
H=Hyog onU.

By considering neighbourhoods as above taken along a piece of a tra-
jectory, we can find a small tubular neighborhood where the flow is again
straightened. This is the content of the next result.

Theorem 2.2 (Hamiltonian flowtube). Let H € C*(M), s > 2 or s = 00,
and a non-closed compact self-avoiding arc of trajectory I' € M. There

exists a neighborhood W C M of T' and a local C*~'-symplectomorphism
¢: (W,w) — (R?? W) such that H = Hyo¢ on W.

3. HAMILTONIAN REALIZATION OF A PERTURBED POINCARE MAP

Consider a Hamiltonian flow with a closed orbit and an associated Poincaré
section map in an energy surface. Our goal in this section is to find a nearby
Hamiltonian exhibiting a perturbed Poincaré map (Theorem 1).

3.1. Suspension of Poincaré maps. Let H € C°°(M). Consider a closed
orbit O with least period T' > 0, p € O and e = H(p). The Poincaré map is
given by f: V — 3. as in section 2.1, having a fixed point at p.

The return time 7: V' — R™ is close to T. So, choose Ty, 77 > 0 such
that Ty + 71 < 3 min{r(z): 2 € V}. Take the arc of trajectory

F={oy(p): Ty <t<T-T}CO.

By Theorem 2.2, in a tubular neighbourhood W C M of I" we have H =
Hpo¢. One can always compose ¢ with some symplectomorphism 1) so that
So,S1 C ¢ o ¢p(W), where

Soz {(xl,...,xd,yl,...,yd) €R2d: xdzdeO}

and S; = @}{0 (Sp). We assume that ¢ is in fact ¥ o ¢ in order to simplify
notations. Furthermore,

8011“{0|SO = ¢OSD;{T1 Of OQDI}TO OQS_l,
which is simply given by 3011% (2,0,9,0) = (z,1,y,0) with
(%9) - (.%'1, e d—15Y1s - - - 7yd71) S R2d72-

This means that Il o w}{O]SO = id by using the projection II: R?¢ — R24-2,
(x’ La,Y, yd) = (x’ y)
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Given a C*°-symplectomorphism fon V that is C'-close to f, we want
to find a Hamiltonian H having f as Poincaré map. The perturbation is
constructed inside W, hence being enough to find Hy = H o ¢! such that

1 —T r —Tt -1
P lSo=dopy ofopyod™.
Then, g = Il o w% |Sp is a C°°-symplectomorphism on R??~2. From the
0
above considerations we know that for any r > 0,

lg —idller < erllf = fllor

for some ¢, > 0 depending on H.
Let p > 0 and the euclidean open ball

B, ={(z,y) € R*%: |[(z,y)]l < p}.
The radius p is chosen small enough so that B, x {0 < xzq < 1,|yq| < p} C

(W),

Proposition 3.1. There is d,c > 0 such that for any C'*°-symplectomorphism
g compactly supported in B,, 5-C-close to the identity, we can find Hy €
C>=(R?*®) compactly supported in B, verifying

oy [So=g

and
|Ho— |, <4 p+p7 ol —id2) g —idler. (O

Moreover, if g fizes the origin, then w% (0) =(0,1,0,0).
0

We now use the above proposition (to be proved in section 3.2 below) to
complete the proof of Theorem 1. Consider

i H, on M\W
| H+ (Hy— Hp) o, otherwise.

Therefore, combining the estimates above and assuming that fvis C3-close
to f, one gets

|H — Hl|c2 < c|lf = fllen

for some ¢ > 0.

3.2. Proof of Proposition 3.1. Since the group of smooth symplectomor-
phisms isotopic to the identity is path-connected, we can always find an
isotopy ga, @ € [0, 1], of symplectomorphisms from the identity to g. The
corresponding non-autonomous vector field X, = g, 0 g5 " is symplectic (for
each «), and in fact Hamiltonian since we are in a simply connected space.
The proof of Proposition 3.1 relies on this well-known fact, but it also re-
quires a control on the size of the derivatives of (x,y,a) — gq(z,y). For
this reason we need to construct g, through a simple isotopy of generating
functions, whose norms are easily estimated. Later, by adding a flow direc-
tion coordinate (o = z4) and its symplectic conjugate (the “energy” y4), we
will extend our Hamiltonian to R2?.
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For functions F: D — R™, D C R?? consider the C*-norm, with s €
Ng=NU {0},

ool F;
0%ty ... 0%2dyy

[Fllcs = max maxsup
i=L...,m|o|<s D

where 0 = (071,...,094) € N2¥ and |o| = 3°, 0;. Moreover, (-,-) denotes the
usual euclidean scalar product and we introduce the projections m (z,y) = =
and mo(x,y) = y.
Let V € C*®(R??=2) such that
W' y) = (@', y) + V(2',y)
is a generating function of g. More specifically, writing (2, y’) = g(z,v),
since det Dyz’ # 0,

ow ow
L= a—y(x,ay) and y/ = ox' (x,’y)'

Therefore,
g9(x,y) = (z,y) —=IVV o G(z,y).

where G(z,y) = (mg(z,y),y) and ||[VV]|co = ||lg —id ||co. We assume that
g is sufficiently C''-close to the identity, thus G is a diffeomorphism.
Lemma 3.2. Forr > 1, there is ¢, > 0 such that

IVVier < e max{1L, [G™H[er} lg — id [lor
Proof. Write ¢ = g —id and 8 = G~ ! so that ¢ o 3 = —JVV. Recall the
Faa di Bruno formula for the higher derivative chain rule:

|
D(608) = . g D0 (DB DA DB D)
k‘l k'r

(2)

where the sum is over every k = (ki,...,k,) € Njj such that
(k,(1,2,...,71)) =
Therefore, there is a constant ¢, > 0 depending on r, satisfying
IVV]er < ¢ max{1,[|Bllcr} |¢llor,
where we have used that Hﬁ”lgkl < HBHZZT < max{1, || 5]/ }- O

Let £ € C*(R) be a bump function verifying

, a=§

é(a):{o a<0

for some choice of 0 < & < 1 such that ¢ > 01in (0,£). We can now construct
the following smooth 1-family of generating functions:

Wo (' y) = (2, y) + () V (2, y).
For each @ € R we obtain a C*°-symplectomorphism g, generated by W,,.
Clearly, go = id and g1 = ¢g. Hence, g, is a C*°-isotopy between id and g
implicitly given by
ga = 1d —(a)) JVV 0 G,
where G, = (m19q,m2) and ||go — id ||co < [[VV|co = |lg —id || co-
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Lemma 3.3. For r > 1, there is ¢, > 0 such that for any a € R, if
llg —id || is sufficiently small, then

190 —id|lcr < lg —id [[gr—[[VV o

&
L= [[VV]|cn

Proof. Write v, = —€(a) JVV so that ||va||cr < ||VV]|cr. Using again the
Faa di Bruno formula,

D" (g — zymmmxw(ewnp@wwﬂﬂgwwmﬂg)
ker=0 k1 kr—1
+ Dvo(Go) D"Gl,

where ¢y, , are the coefficients as in (2) and we have split the sum in the terms
corresponding to the vectors k = (ki,...,k—1,0) and k& = (0,...,0,1).
Taking the norms, with ¢, > 0 depending on 7,

190 —1d[lcr < erllvallerllga —id lgr—1 + valler lga —id o

Therefore,
”gOé _idHCT H H Hga idHTCT*1HUOéHCT'
Oé
The claim follows from applylng Lemma 3.2. U

Consider now the C'*°-vector field g, = % ga on R242 that generates the
isotopy g.. The non-autonomous vector field

Xo =Ja0gs
is symplectic, i.e. tx,wqis a closed 1-form. By the Poincaré lemma, since our
space is simply-connected, it is also exact. Therefore, for each « there exists
a C™-function K,: R?**2 — R with compact support such that ¢y wy =

dK,, i.e. VK, = —JX, and using the notation of a Hamiltonian vector
field

Xk, = Xa-
Up to a constant (chosen so that K, has compact support), it is given by

1
Ko(z,y) = /{OM a0 = /0 (X (s(2,9)), (4o —2)) ds,  (3)

where the integration is along the straight path [0, (x, y)] that connects (z,y)
to the origin. Notice that the vector field that determines g as the time-1
map is non-autonomous, not preserving the “energy” K. Also, K, = 0 for
any a ¢ (0,1).

We can extend the dimension of the space to R?*? by considering the
variables x4 = « (seen as the time direction) and y4 (the “energy” K).

Let £ € C*(R) be another bump function satisfying

= 1, yal <wvp
=10 ™
0, ’yd’ > p
for any choice of 0 < v < 1, such that ||[¢]jco < 1,
- 2 .
1llco < m—— and  [["]lco < ——.
(1=v)p (1 —v)p?
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We define the (autonomous) C°°-Hamiltonian Hy: R2? — R as
Ho(, 24,9, ya) = Ho(ya) + Ko, (x.9) £(ya)
with Hy(yq) = yq. Hence,
~ ~0K ~0K ~0K -
V(Hy—Hy)=({— 44—, 0— (K). 4
( 0 0) ( ox axd’ aya ) ()

Notice that outside {z4 € (0,1), |ya| < p} € R* we have Hy = Hy. By
contrast, the Hamiltonian vector field for z4 € [0,1] and |yq| < vp is

0xg

Lemma 3.4. There is § > 0 and ¢ > 0 such that, if ||g—id ||c1 < 6, then (1)
holds.

0K
Xﬁo = <7T1XK,1,7T2XK,——> .

Proof. We write a dot to represent the derivative with respect to x4 and

D for the derivative with respect to (z,y). Recall that X (x,xq,y,v4) =

a4 © 9z, (x,y). We will use Lemmas 3.2 and 3.3 without explicit mention.
From (4) we have

| o= ]|, < max {IK o Xl 1K oo, W lco 1Ko} -

Now, the second order derivatives of Hy are

PHy ~ O°K
({922‘3%‘ N ({922({92]
OHy _ ;0K
0z;0ry 0z
#?Hy -
Py
?Hy 7 0K
3z,~3yd N 8ZZ
PHy -
=K
0240Y4
O?Hy -
=V"K
0%*yq

where z = (z,y) and i,7 = 1,...,2d — 2. So,
| Fo = Ho|,, < mas {1Xclca s 17 lloo 1 Xl o s 16 o,
max{L, |7 o | K] o,
max{L, | llco, 17" llco} 1 K o } -
By writing v = —JVV, we have that

19llco < [[llen [[ollco + Nlvllerllgllo-
Therefore,
[€]| 1 [lg — id || go
L—[lvflea

9]lco < < cllg —id| co
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for some ¢ > 0. Similarly,

lilleo < 1€llc2 10l go + 211l e vl 1gllco + vl llgl1Z0
- L=l

< cllg —id[co
for some ¢ > 0. Moreover,

[Dgllco < [Iellca Nlvlloa lgller + Nlvlles lgller [1gllco + lvllor [[Pdlleo,
thus

: [l lvller llgller + lvllezllglico gl
Dilen < Lt 1ler ol c
= [[vllen
<cllg —id[|n
for some ¢ > 0.
From Xg =gGog '+ Djog tg ' and DXg = Dgog ' Dg*,
[Xkller < cllg —idlen
From (3), [Klleo < ol Xicloo, [Kllco < pllXkller and also o

pl| Xk|lco. Thus, it remains to bound || Xg||co.
As before, we obtain the following bounds:

VA

1G]lco < (elles llolico + 3 el oz [[vllen llgllco

L= vller
+3 el vl 131180
+3 [l [vller lalloo + vl 19110)

, 1
1D*gllco < m( 1l ol llgliEs + 1l lvller 1D gllco

+lvlls lgligallglico + llvllee 1D%gllcollglico
+2[[vllgz llgllen lgller)
1

[1Dgllco < 5
L=l

VA

(lellez ol lgllor + 21l lolloz lgller lglico

+2 ([l [[vllen llgller + vlles llglle 1912
+2|[vlle2 lgllerllglico + lvllee gl 1gllco)
Finally, we use the fact that Xx = G o g™ ' +2Djo g tg ! + D%jo
9 (@9 )+ Dgogt gt So,
1Xxllco < e (1+1lg—id|2s) llg = id]lca

for some constant ¢ > 0. Evaluating all the above estimates together, one
gets

|00

e S (ot +pllg —id[Zs) llg —idllen

for some universal constant ¢ > 0 that only depends on the norms of the
bump functions. O

Remark 3.1. In the above lemma there is the need to bound the size of
higher derivatives of g. This loss of differentiability is caused by our specific
construction of the isotopy g.. It should be possible to use a different isotopy
that avoids this phenomenon. Our choice was done for the sake of simplicity.
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The Hamiltonian flow for x4 € [0,1] and |y4| < vp is given by
0. (@, 20,9 Ya) = (192441 © 9o, (2.Y),
g +t,

7729J3d+t o g;dl (1’, y)7

LOK
+ _
Yd —/O 32‘; 20 Gagtt © Gpy (2, Y) dS) :

Using estimates in the proof of Lemma 3.4, one gets that the increment in
the last coordinate for ¢ € [0, 1] is bounded from above by

0K
0xg
as long as ||g — id|| -1 is small. Finally, the time-1 flow acts on the transversal

{(z,0,9,0)} by

< pl[Xkllco <vp
CO

0K
o0y ° g9(z,y) dS) :

1
wéo(x,oayao) = <7T1g(x,y),1,7rgg(:c,y),—/
0

In particular, if g(0) = (0), gollq (0) = (0,1,0,0) because a%dK(O,O) =0.
0

4. ELLIPTIC CLOSED ORBITS AND HOMOCLINIC TANGENCIES

4.1. Homoclinic tangencies. Take H € C?(M), a non-constant hyper-
bolic closed orbit O and a transversal section at a point p € O. Let W, be
the stable manifold at p of the Poincaré map, and W' the unstable man-
ifold. We say that O has a homoclinic tangency at q # p if the invariant
manifolds W and W have a non transversal intersection, i.e.:

o T,W;NT,W, contains a nonzero vector,
o T,WiaT,Wa&RX(q) # TH (p).

4.2. Density of elliptic closed orbits. The next result is the Hamiltonian
version of the Newhouse dichotomy [13] for 4-dimensional Hamiltonians.
As previously mentioned, it will be used in the proof of Theorem 2 (see
section 4.4).

Theorem 4.1 ([2]). Let d = 2. Given an open set U C M intersecting
a far from Anosov regular energy surface of H € C?(M), there is a C?-
nearby Hamiltonian having an elliptic closed orbit through U. Moreover,
this implies that, for far from Anosov reqular energy surfaces of a C*-generic
Hamiltonian, the elliptic closed orbits are dense.

4.3. Creation of homoclinic tangencies. The next result is central to
the proof of Theorem 2. It deals with symplectomorphisms on a symplectic
2-manifold, i.e. area-preserving maps.

Theorem 4.2 (Gelfreich and Turaev [10]). Let r € NU {oo,w}. Any C"-
area-preserving map with an elliptic point can be C"-approximated by an-
other area-preserving map with a homoclinic tangency.
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4.4. Proof of Theorems 2 and 3. The proof of Theorem 3 follows from
the following steps:

(1) Since elliptic closed orbits are stable, we can find a C* approxi-
mation H keeping the same (i.e. its analytic continuation) elliptic
closed orbit.

(2) Consider the C* Poincaré map f of gptﬁ on a transversal to the
elliptic closed orbit restricted to an energy surface.

(3) Use Theorem 4.2 to obtain a C'°°-symplectomorphim f close to f
with a homoclinic tangency.

(4) Finally, Theorem 1 allows us to construct a Hamiltonian C-close to
H , which realizes the Poincaré map fon the energy surface.

Assume that the energy level H=*({H(p)}) is far from Anosov. The proof
of Theorem 2 follows from Theorem 3 after applying Theorem 4.1 that gives
elliptic closed orbits for some Hamiltonian C?-close.

Finally, we would like to mention a possible alternative strategy to prove
Theorem 3 without the use of Theorem 4.2. We first observe that an area-
preserving diffeomorphism yielding an irrational invariant curve can be per-
turbed in order to create homoclinic tangencies, as proved in [11]. So, start-
ing from a Hamiltonian with an elliptic closed orbit, one can perturb its tan-
gent map and get a new Hamiltonian (using a version of Franks Lemma [18])
whose Poincaré map is an area-preserving map satisfying a twist condition
along a diophantine invariant curve. KAM theory then assures us the stabil-
ity of this structure, and a suspension of the result in [11] holds homoclinic
tangencies for a nearby Hamiltonian.
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