LINEARIZATION OF GEVREY FLOWS ON T¢ WITH A
BRJUNO TYPE ARITHMETICAL CONDITION

JOAO LOPES DIAS AND JOSE PEDRO GAIVAO

ABSTRACT. We show that in the Gevrey topology, a d-torus flow
close enough to linear with a unique rotation vector w is linearizable
as long as w satisfies a novel Brjuno type diophantine condition.
The proof is based on the fast convergence under renormalization of
the associated Gevrey vector field. It requires a multidimensional
continued fractions expansion of w, and the corresponding char-
acterization of the Brjuno type vectors. This demonstrates that
renormalization methods deal very naturally with Gevrey regu-
larity expressed in the decay of Fourier coefficients. In particular,
they provide new linearization results including frequencies beyond
diophantine in non-analytic topologies.

1. INTRODUCTION

The study of quasiperiodic motion yields a remarkable problem where
dynamics, number theory and functional analysis meet intrisically. It
consists on the straightening of orbits, hoping that there are invari-
ant sets which are essentially minimal translations with zero Lyapunov
exponents. It turns out that the existence and regularity of the corre-
sponding coordinate change depends deeply on the arithmetical prop-
erties of the motion frequency. This phenomenon relies on the subtile
control of Fourier modes which are resonant with respect to the fre-
quency, the so-called small divisors.

Flows on the torus provide one of the simplest but fundamental
examples where to tackle small divisors problems. The same ideas
can be extended to more elaborated systems such as the Hamiltonian
ones. The dimension plays also an important role in the type of results
that can be obtained. Indeed, the Poincaré transversal map of the
equilibria-free two dimensional torus flow consists in a circle diffeomor-
phism whose theory was largely developed by Arnold [1], Herman [9]
and Yoccoz [33, 34] in the real-analytic, smooth and finite regularity
classes. On the other hand, in higher dimensions many questions re-
main unanswered besides the case of small perturbations around linear
dynamics. Those questions include the optimality of the frequency
conditions and non-perturbative results.
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In this work we study vector fields on the d-torus T¢ = R?/Z%, d > 2,
having Gevrey regularity. Functions with s-Gevrey regularity are, in
a sense, an interpolation between real-analytic (s = 1) and smooth
(s = 00) ones. Their decay of Fourier coefficients behaves like eIl
where p > 0. For s = 1 this is the decay for analytic functions on a
complex strip of width p.

The conjugacy class of a constant vector field w depends on the arith-
metical properties of w and on the considered topology. It is well-known
that for real-analytic vector fields, if w satisfies a Brjuno diophantine
condition, the topological and real-analytic conjugacy classes coincide
in some neighbourhood of w (cf. [28]). This property is known as rigid-
ity, in the sense that the topology implies the geometry of the system.
Here we introduce a novel Brjuno type diophantine condition on w and
show that local rigidity also holds for Gevrey vector fields .

More precisely, an s-Brjuno vector is defined to be any w € R? such
that

1 1
max lo < 00.
nz>0 21/5 o< k|| <2n, kezd & |k - wl

In section 3 we present the characterization of s-Brjuno vectors using
multidimensional continued fractions. Notice that the classical Brjuno
condition is given by s = 1.

Theorem 1.1. Let s > s > 1. If an s-Gevrey flow on T has a
unique rotation s'-Brjuno vector w and it is s-Gevrey-close enough to
linear, then it is s-Gevrey-conjugate to the torus translation r +— x +
wt mod Z4, t > 0.

This theorem shows that the diophantine condition is not optimal
for Gevrey vector fields as in the smooth case, since the new class
of rotation vectors strictly contains all diophantines. Notice that if a
vector field is topologically conjugate to w, then its rotation vector is
unique and equal to w. Therefore, local rigidity follows from the above
theorem.

We show Theorem 1.1 using a renormalization method, taking advan-
tage of the multidimensional continued fraction expansion of a vector
in the spirit of Lagarias [18] and Cheung [7] (cf. [8]). The renormal-
ization acts on the space of Gevrey vector fields and convergence to
a trivial limit set implies conjugacy to a constant vector. Requiring a
sufficiently fast convergence rate restricts the class of frequencies, thus
determining the s-Brjuno condition w.

The above theorem also holds for the related problems of existence
of invariant tori in Hamiltonian systems near integrable on T*T¢, in-
cluding lower dimensional tori, and quasiperiodic linear skew-product
flows on T¢ x SL(d, R). The proofs, to be detailed in a separate publi-
cation, are adaptations of the renormalization constructed in this work
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for Gevrey vector fields as is done in [10, 11, 16, 20, 14, 17| for the real-
analytic class. Moreover, the equivalent results for the discrete time
version of all these systems are also achievable using similar methods.

Carletti and Marmi [6] studied the Siegel center problem [29] of one-
dimensional germs of diffeomorphisms for ultradifferentiable classes in-
cluding Gevrey. In particular, they find that the Brjuno condition
is sufficient to obtain linearization in this context. Other results on
quasiperiodic systems in the Gevrey topology and Diophantine fre-
quencies have only been obtained by analytic approximation techniques
and using KAM methods [3, 25, 26, 30, 31, 32, 36], similarly to what
is usually done for the finite differentiability case [35]. It is however a
cumbersome strategy, with some obvious limitations when confronted
with direct methods. As shown in this work, the renormalization ap-
proach is naturally constructed for the Gevrey case, giving new, sim-
pler and stronger results as it is capable of dealing with some Liouville
frequencies. Moreover, since the rescaling in the renormalization iter-
atively increases p, it avoids a common limitation while working with
Gevrey and ultradifferentiable regularities related to estimates for the
composition of functions (which have the effect of decreasing p).

The work of Koch [12] initiated a rigorous construction of renor-
malization operators on the space of real-analytic vector fields and
Hamiltonian functions (cf. [23]). It was later improved by Khanin,
Lopes Dias and Marklof [10, 11, 21] in order to deal with diophantine
frequencies (see also [15]) by incorporating multidimensional continued
fractions. Subsequently, Koch and Koci¢ [14, 15] used a renormaliza-
tion method without the need of multidimensional continued fractions.
They obtained related results for Brjuno frequencies in the context of
more general real-analytic vector fields.

Renormalization consists on rescaling space and reparametrizing time.
Zooming into a region in phase space requires an acceleration of the
orbits in order to detect self-similarity, a fixed point (or other simple
orbits) of the renormalization. Such fixed points are vector fields and
can be trivial or critical. The former corresponds to the scope of KAM
theory, namely the stability of persistence of invariant tori. The latter
is related to invariant tori on the verge of breakup, i.e. at the boundary
of the domain of attraction of the trivial points. Evidence of this is
harder to obtain, and it is mostly through the help of computer-assisted
methods (cf. [22, 13]).

Standard notations are included in section 2 and section 3 presents
the multidimensional continued fractions scheme and the derivation
of the set of s-Brjuno vectors. Section 4 is on s-Gevrey functions.
Sections 5 and 6 define the renormalization operator, and section 7
includes the construction of the conjugacy for vector fields which are
attracted under renormalization to the orbit of the constant system.
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Note after revision: After the completion of this work we learned that
Bounemoura and Féjoz found the same s-Brjuno arithmetical condition
while extending the KAM theorem to Gevrey Hamiltonians [5] and to
ultra-diferentiable Hamiltonians [4].

2. PRELIMINARIES

We set the notations N = {1,2,...} for the positive integers and
Ny = NU {0} for the non-negative integers. The ¢;-norm on C? is
denoted by

d
o] := Y Juil.
i=1
The canonical inner product between vectors u,v € C? is given by

U-v.= E U;V;
i

and it satisfies
lu - v| < ful fv].
Define the norm

d—1

o]l == max{|}o]], |val} and o] :== ) |ui,

i=1
where we use the notations v = (9, v,) € C? with
b= (v1,...,vq-1) € CTL,

The above also defines the corresponding norm of a matrix A = (a; ;)
as the operator norm

|A| = sup |Av| = maxz la; ;|-

jul=1 J

The transpose matrix of A is denoted by AT and its inverse (if it exists)
is writtten as

AT = (AL
In addition, |[AT| < d|A].

3. MULTIDIMENSIONAL CONTINUED FRACTIONS

We introduce here a multidimensional continued fractions expansion
of vectors in R? and its main properties related to renormalization.
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3.1. A special orbit on homogeneous spaces. Consider the homo-
geneous space I'\G with G = SL(d,R) and I' = SL(d, Z), the space of
d-dimensional unimodular lattices. On its fundamental domain F C G
consider the right action of the one-parameter subgroup

E = diag(e™,... et e V) e G
that generates the flow
o' F — F, M+~ TME", (3.1)

This flow is known to be ergodic [2]. In the following we will be inter-
ested in the properties of one particular orbit.

The size of the shortest non-zero vector in a lattice M € F is given
by

§: F =R §M)= inf [k"M|,. (3.2)
kezd\{0}

Notice that §(®*(M)) = 6(ME") and that, due to Minkowski’s theo-
rem, there is some universal constant dy > 1 depending only on d and
the norm such that
(M) <dy, MeQg.
In the following fix w = (o, 1) € RY. As we will see, the forward
orbit ®*(Mp), t > 0, of the matrix

M, — (é i‘) (3.3)

will present us many arithmetical properties of the vector w. We have,
(@' (My) = _inf - max {e ] ek -]}
Define the map
1
W: RS — R, W(t) =log ——+————.
: O =08 S o)
So, W(0) = 0 because §(My) = 1. In addition, W(t) > — log do.
Notice that the function W can be written as
W(t) = sup Ag(t),
kezd\ {0}

where we have the continuous piecewise functions for each k,
. 1
Ak (t) = min {t—log||k||,—(d—1)t+log 2 |} (3.4)
W

The function W is continuous since {Ay} is equicontinuous.

We observe that Ay (t) < ¢ for any ¢. Indeed, the only case that is not
immediate from (3.4) is A, (t) = —(d—1)t —log |kg| < —(d—1)t <t
because kg # 0.

Moreover, we can write

W(t) = sup sup Ay(t) = sup Ay (t)
4N k=g g€l
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where p(q) € Z\ {0} is chosen such that
Ip(g)|l = ¢ and |p(q)-w| = min |k-w|.

IEll=q
We have
Ao (®) = t —logg, 0<t<T(q)
p(o\") — _(d_l)t+logm7 t>T(q),
with 1
q
T(q) = - log 2.
@ =518 0w

Take the sequence ¢o = 1 and for n € N
¢n = inf {HI%H >0: ke Z\ {0}, |k - w| < [p(gn_r) -w\} .
Thus, W is a continuous piecewise affine function with slopes either
equal to 1 or —(d — 1) given by
W<t> - Apn (t)a Tn S t S Thn+1
where p,, = p(¢,) and
12n]|
|pn—1 : OJ|
The terms in the ordered sequence 7,, of the local minimizers of W,

1
Tn = log (3.5)

T0:O<7'1<T2<...,

are called stopping times. Their number can be either finite or infinite.
The local maximizers of W are

~

1 [[5n]
T, :=T(q,) = =1lo )
() = 18 P, ]
Notice that
1 1
W(t,) = 1, — log ||pn|| = = log — 3.6
) o= s w0
and
Toni1 — W(Thi1) = T — W(T) + d(Tig1 — T). (3.7)
In addition,
— — <t<T
wiey ="'~ D). R Y
l— d(t - Tn) - (Tn - W(Tn))y Tn <t S Thn+1-

It is also simple to check that
W(t)<t—log(n+1), t>m,
for each n > 0 such that 7,, exists.

Lemma 3.1. For anyn € N,

d/(d—1
1Dn]l < .
" ey - w|V@-D
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Proof. Recall that W (r,) > —logdy and that the difference between
consecutive minima and maxima of W is given by
W(r,) —W(T,-1)=—(d—1)(1, —T—1), né€N.
Thus,
W(T,-1) = Th1 — log|[pn-1ll > (d = 1)(7, — T,—1) — log dg

and, by replacing the formulas of 7,, and T}, 1,

d—1

d

1 1
log [[pn]l < = log ———— + log &
d 7 |pp-1-wl

O
Proposition 3.2 ([10]). There exist Cy,Cy > 0 such that for all t > 0
|(I)t(MO>‘ < Cle(d—l)W(t)
| (Mo) | < Cae™™.
3.2. Classification of vectors. Recall that w € R? is rationally in-
dependent (also called irrational) if |k - w| > 0 for every k € Z%\ {0}.

Otherwise it is called rationally dependent. Moreover, w is rationally
independent iff {k-w: k € Z} is dense in R.

Proposition 3.3. w is rationally independent iff there are infinite stop-
ping times 1, — +00.

Proof. Assume that there is an integer vector k£ # 0 such that k- w =
0. Then, W(t) = Ay(t) = t — log ||k for every ¢t > log||k||, which
eliminates the possibility of infinite local minimizers.

On the other hand, if there are only finite local minimizers, take the
largest one 7,,. Thus, for t > 7, the function W has to be increasing
and thus equal to t — ¢ — log||k|| for some integer vector k. That is
only possible if log(1/|k - w|) = +o0. O

Lemma 3.4. Ifw = (a,1) € R? and k € Z¢, then
|kal < laf k] + |k - |
1Bl < (laf + 1) [E] + [k - w].
Proof. From the relation
|- wl = [k - o+ ka| > [kal = |k - | > |ka] — o] |K]
we obtain the first claim. Finally,
k)l = max{|kll, [kal} < [1k]| + [kal = [k] + |al

Let a > 1 and the sets of integer vectors given by
K,={keZ":0<|kl|. <a}

A

Ka:{keZd:O<Hl%||§a}.
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Lemma 3.5. Ifw = (a,1) € R%, a > 1 and b = max{a, (a + 1)|al|},
then

min |k - w| < min |k - w| < min |k - w|.
K 2 Ka

a

Proof. Since K, C K, the second inequality follows immediately. Now,

notice that ming [k -w| < [(1,0,...,0) - w| < |af. Moreover, for any
k € K,, Lemma 3.4 implies that |kq| < (a+1)|a| < b. As ||k <a <b
we conclude that K, C K. O

3.2.1. s-Brjuno vectors. For s > 1, a vector w € R? is s-Brjuno, i.e.

w € BC(s), if

1

1
B = — log —— < 0.
1(s) nZ% on/s 0<ﬁ2\?§§2n o8 |k - wl e

Notice that the convergence (and divergence) of B; is independent of
the norm used. It follows that

BC(s) C BC(s') if s>s>1.

The case s = 1 corresponds to the well-known Brjuno contition. It
is also clear that w being s-Brjuno implies that all its coordinates are
non-zero. Also, w is s-Brjuno iff cw is s-Brjuno with ¢ # 0, and this
class of vectors is SL(d, Z)-invariant.

Recall the sequence of vectors p,, that correspond to the local minima
of the function W of a vector w = (a, 1).

Proposition 3.6. Letw = («, 1) and s > 1. The following propositions
are equivalent:

(1) we BC(s).

(2)

1 1
Bs(s) := Z log 00.

= <

(3)
Bs(s) := Z e Wy ) < .

n>0

Proof. By Lemma 3.5 we have that B; < oo iff

1 1
By = E —— max log < 0.
B L L

For each n € N we can find j,, € N such that

2L < 1Bl < 27,
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Notice then that jo = 1 and

max log
r @] el 1k - w]

log

< max log
o<lkli<2in [k - wl

Thus,

1 1
BQSZ%— max logl ] S < 2YsB].

5 20n7 D/ o <aim
Choose now i, € N for each n € N such that
196, | = max{{[|pe|| - ]l < 2", k € N}.
So,

Bi<> ——r

=0 llpznlll/s il upmu BT w =

Using Lemma 3.1 we get
IIﬁn+1||
By =
d Z Hpnlll/s ® Ipn - w]
do
< og
d—1§:M>W“ |pn - w

1+¢ 1 1
= E log
d—1 = |pallV/s 7 |pn - wl

C1+¢
Cd-1
where £ = —log dy/ log |po - w| and we have used the fact that |p, -w| <

po - wl.
Finally, by (3.5) and (3.6)

1
log
Z|| ||1/5 |Dn - w|

n>0

_ Z o= LW () (A1 — 1og ||Prsil])

n>0

< dBs.

BQ?

g

Proposition 3.7. Let p > 1 and {t,}n>0 a sequence of non-negative
real numbers satisfying = t”“ > p for everyn > 0. If w € BC(s), then

Z =5 (tn=W(tn) )t < 0.

n=1
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Proof. Notice that,

Z WD) (1 ) < / LW ) g
n=1 0
< Ze_’(” N -

Moreover,
3 e st Wy, Ze*? =Wt (4, — t,_y —l—Ze =Wty
n=1
< Z e S(tn tn t _ tn—l) + 1 Z 6_%(tn_w(tn))tn
p n=1
Hence,
e%] 1 —1 oo
p n=0
by Proposition 3.6. O

3.3. Contraction of orthogonal cones. Consider any strictly in-
creasing unbounded sequence ¢, > 0, n € N, and set t; = 0. Let

M, := &' (M)

a sequence of points in the orbit of M,. This is computed using a
matrix P, € I' such that M, is in F. That is,

ﬁg)eft" (pg) . w)e(d—l)tn
M, = P,MyE" = : :
d) _ d _
pgl) tn (pq(l) _w)e(d 1)ty

where pgf ) = e; P, is the i-th row of P, since e; is the i-th vector of the
canonical basis of R?. Moreover, set Py = I.
The last column of M,, is

W 1= Mpeq = MPow, A\, = eldDin
Notice that wy = w. In addition, we define the matrices
T,:=P,P ' el
so that w, = n,T,w,_1 with

A
— n__ o (d=1)(tn—tn-1)
hn /\n—l ‘

and P, =1, ...T; for any n € N.
Lemma 3.8. For every n > 1 the following holds:
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(1) |M,| < Creld=DWn

(2) [M 1] < Coe,

(3) |wn| < Ciw] e

(4) [Po] < Cluw] el Wordiln,

(5) ‘Pn_l‘ < CQ‘QJ‘ e(d—l)(tn—Wn)—i—de;

(6) |Tu] < CyC el Wo (i W),

(7) [T;1] < GGy eld o@D Wi,

where Cy and Cy are the constants in Proposition 3.2 and W,, = W (t,).

Proof. This follows immediately from Proposition 3.2. Notice that
T, = M, E~(tn=ta-1) pp—1t O

The hyperbolicity of the matrices T, ', n > 1, can be derived by
looking at the contraction of the subspace

St o ={weR: v -w,_, =0}

orthogonal to w,,_.
Denote by P, the matrix P, with zeros on its last column.

Lemma 3.9. Ifv € S |, then
T, Tol < e ™M T [BL ] [o].

Proof. Firstly, since w,_; is given by the last column of M, _;, any
v € Si- | is orthogonal to it. Recall also that T, = P, P, ",. Thus,

~T, _ p-TpT
T ' v=~FP P, v

=M;"E"My My TET" M v

T BT (1) et
- o @ .
"L ) (g w)eld
~(1 ~(d

Il

Given a sequence o, > 0 consider the following cones of integers
vectors

I7={keZ |w, k| <onkl} and I, :=Z%\1I].

We will refer the vectors in I,7 as resonant and in I as far from reso-
nant. Let

T Tk
An = An(gn—lawn—l) = sup % ’
kel \{0}
| P K|

B, = B,(0,,w,) := sup )
kel, ‘k|
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Proposition 3.10. For anyn > 1

Tutlncal poty 4 o ag=T)BT ), (3.9)

Wp—1 " Wnp-1

Ay

IA

where C and Cy are the constants in Proposition 3.2.
Proof. Any k € I |\ {0} can be written as k = k; + ko where

k- Wn—1
oy = — oy and ks € ST
Wp—1* Wnp—1

Hence,
T, Tk <|T, ko] + [T, ko

. 3.10
< (MITJTI +e M TP, ) L2 (310
Wn—1 " Wn—1

g

Let
At) = Ty — WTkw)
where k(t) = max{j € Ny: 7; < t}. Notice that
A(tn) <t-— W(t)a Tk, <t< Thkn+1,

where k,, = k(t,). Moreover A(t) is non-decreasing. Let A, = A(t,).
Thus,

1= 1pal = [lBa]] = e (3.11)

by the fact that the first column on M,, is always a best diophantine
approximation [18, 8] and (3.6).
Lemma 3.11. If for everyn > 1, &, > 0 and

o S fncl_le_(d_l)(t”“_t”)_(d_l)W”_t”+1+A",

then

(1) Ap < (14 &) Cem oo,
(2) Ay -+ A, < (1 +&)"Cp e B,
(3) A AB, < |w|01(1 + 5n)nC§zefAn+tn—Wn+de;

where C7 and Cy are the constants in Proposition 3.2.

Proof. 1t follows from Lemmas 3.8, Proposition 3.10, and (3.11). Notice
that we use the following relations: v - v > |[v]?/d and |w,| > 1. O
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4. FUNCTIONAL SPACES

4.1. Gevrey spaces. Let T? = R?/(27Z)¢ with d > 2. The set of
smooth R-valued 27Z%periodic functions on R? is denoted by C°°(T4).
In the following we shall use multi-index notation. So given a =
(ai,...,aq) € Nd where Ng = {0,1,2,...}, we write

al=al-a, Jal=ar 4+ +ag and 0% =0, -0y
for the derivatives. The sup-norm of f € C*°(T?) is defined as
= ma :
Iflleo = mas| ()

A smooth function f € C°°(T?) is s-Gevrey with s > 1 if there exist
constants C' > 0 and p > 0 such that

|s

a!l
||(9°‘f||co < Cw, o€ Ng

Gevrey functions constitute an intermediate regularity class between
smooth (s = 4+00) and real-analytic functions (s = 1). Every 1-Gevrey
function is real-analytic because its Taylor series converges in a complex
strip of radius p.

It is worthwhile observing that, unlike analytic functions, it is possi-
ble to construct s-Gevrey functions supported on any compact subset
if s > 1.

Remark 4.1. The above definition of s-Gevrey function requires
10%fllco < C Lo M,

with M, = o!® and L, = p—*1*l. Other sequences M, give more gen-
eral ultradifferentiable classes (or Carleman classes) of functions widely
used in other branches of mathematics (see [24] and references therein).

Fixing the constant p > 0, Marco and Sauzin have defined the fol-
lowing spaces of Gevrey functions [24]. A smooth function f € C>(T?)
belongs to C; ,(T?) if

I/

slal
._ p a
C.s,p T Z OC'S ||a ‘f”C'0 < 0.
aeNg
The advantage of introducing this norm is that Cs ,(T%) becomes a
Banach algebra [24]. It is also clear that [|fllc, , < || flle,, for 0 < p' <

p and that any s-Gevrey function belongs to C; ,(T%) for some p > 0.
That is, the set of s-Gevrey functions is |J,. Cs ,(T%). Moreover, we
have the following Cauchy-type estimate.

Lemma 4.2 ([24, Lemma A.2.]). If 0 < p’ < p and f € C; ,(T?), then
for every a € N& the partial derivative O°f belongs to Cs (T?) and

> o f

laj=n

n!
Cs,p/ S (p nSHf

S
/

Csp -
- r) v
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Another important property of Gevrey functions is that the compo-
sition of Gevrey functions is again Gevrey.

Theorem 4.3 ([24, Corollary A.1.]). If0 < dsp < p, f € Cs ,(T%)
and u = (uy, ..., uq) with u; € Cs y(T?) such that

S
/s

ds—1 - P,
then f o (Id+u) € Cs »(T%) and || f o (Id 4u) ¢, <|lfle,.,-

Other interesting results about Gevrey functions can be found in [24,
Appendix A]. See also [27].

We denote by C>(T4, R?) the set of smooth Ré-valued 27 Z4-periodic
functions on RY. Given f = (fi,..., fq) € C®(T4 RY) and p > 0 we
define the following s-Gevrey norm,

||f||cs,p = ||f1||cs,p + o + ||fd||cs,p'

Similarly, we denote by C;,(T? R?) the set of R%valued s-Gevrey
functions that satisfy ||f|lc,, < oo, which is a Banach space. Both
Lemma 4.2 and Theorem 4.3 hold for R?-valued s-Gevrey functions.

Given f € C, ,(T¢ R?), the derivative D f can be seen as a continuous
linear operator defined on C; ,(T¢ R%). Denote by ||Df||c, , the induced
operator norm, i.e.

[uille, , <

d

., = 112%2 10% f;
1=

IDf

Cs,p = Tg\i)li Haaf Cs,p

where e; are the canonical basis vectors of R?.
Denote by C; (T R?) the set of s-Gevrey functions that satisfy

1 flle, = WIflle., +I1Df

The set C, ,(T% R?) together with the norm || - le; , is a Banach space
contained in C ,(T? RY).

Since s will be fixed, in order to simplify the notation we shall write
C, and C, in place of C;,(T¢ R?) and C, ,(T¢ R?), respectively.

Cs.p < Q.

Lemma 4.4. If0 < d5 p <p, f € C, and u € Cy such that

S
/s

p —_—
ds,l p Y

e, <
then
(1) [Df o (Id+u)lle, <[Dfllc,

2) [If o (Id+u) = flle,, < 1D flle, llulle,
Moreover, if

s—1
(p+dTo)

[ulle, < Tl P

then
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() 1f 0 (d+u) = flle, < —E—|lflle,lulk,.
(@) IDf o (1d-+u) = Dflle, < —Z— DS, vl
Proof.

(1) From the definitions of the norms and Theorem 4.3 one gets
D1 o (), = max (1) ( -+,
< max|[0°flie, = 1D flle,

< [ flle,-

(2) Fix z € R? and write g;(t) = fi(x + tu) with ¢/(t) = Dfi(x +
tu)u. Then, fi(w+u) = fi(z) = g:(1) = g:(0) = Jy gi(t) dt. So,

f(m+u)—f(x):/o Df(x + tu) udt.

Using (1) we obtain
1/ o (Id+u) = flle, < max [[Df o (Id+tu)lle,[lullc,

0<t<1
< [IDflle,llullc,,-

s—

1
sp/

(3) The estimate (2) with p replaced by p := (p+d%p’)/2 >d
yields

1f o (Id+u) = flle, < [IDflle;llulle,
and Lemma 4.2 implies that
28

Dfllc-
D flle; < (=7

1 flle,

(4) By (2) we get
1D o (1d+u) = Dflle, = max||0°f o (Id +u) = 0% flle,

< max||DO" flc,l[ulc,
Finally, Lemma 4.2 implies that
1
DO f|le. = max||0°0%f|lc. < ———]|0* :
100" flle, = s [0°0° e, < =5 0° e,
Therefore,

s

|Df o (Id +u) _Df”Cp/ < TS
(p—d=p)e

DS e, llulle, -
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Lemma 4.5. If for each n > 1 we have 0 < d%lpn < pa_1 and
fn—1d €C,, such that

P
||fn - Id ||Cpn — ds i- - pn?

then
Ifio-ofo—Tdllc, <D |fi—Id]c,
i=1

Proof. By writing ¢,, = f,, —Id € C,,,, it is simple to check that
fiorofy—=Ild=¢,+ (fro- -0 fo1—1d) o (Id+p,).
Thus, by Theorem 4.3,
[fro-- o fo—TIdle,, <lenle, +Ifio- o far—Idle,, -

The claim follows immediately. |

Lemma 4.6. If for each n > 1 we have 0 < d%pn < pp_1 and
fn—1d €C,, such that

(pn—1+ d%pn)s
25ds—1

[fn = 1d le,, < — P

then

ZHfz Id [, )an—ldllc,,n-
- (4.1]

Proof. Write h, = fio---o f, and ¢, = f,, —Id € C,, for any n > 1.
It is simple to check that

|| fro- - -0 fo—fio- - -0 fu_illc,, < (1+
(Pn1 —d°5 py)

hn _hnfl = Qpn—i_Z(szOFl,n — ;0 i,nfl)a

where
le,mg = fm1+1o"'ofm2: my <m27
and F,,, = Id. Clearly, F;, = F;,—1 0 f,. So,

hy, — hpo1 = @ + Z (pioFipn_10o(Id+y,) —pioFin1).
From Lemma 4.4,
28
s—1
(pnfl —d s pn)s
Since @; 0 F; .1 = ;0 F; 5 0 (Id4+¢,,—1), by Theorem 4.3,

”SOI o E,n —®; © E,n—1|’Cpn S ”901 © Fi,n—1||Cpn71 ||(pn||Cpn .

i o Fin-ille, , < llwio Fin-zlle,, _,
< [l

Coi"
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Pz) nganpn
U

4.2. Decay of Fourier coefficients. Any f € C®(T¢ R%) can be
represented in Fourier series as

L.
= Z fkez z7

kezd

1 —ik-x
szw/wf(x)e R dg,

We write the constant Fourier mode of f through the projection

Let |k| = |ki| + -+ + |kg| for k € Z?. The following is a well-known
estimate, we include here a proof only for the convenience of the reader.

Finally,

th—hnlecn < <1+ HSOz
’ (pn 1—a s pn ;

where

Lemma 4.7 (Decay of Fourier coefficients). If f € C,, then
| fi] < A||f\|c,,e‘”"’“‘l/s, k ez,

(s—1)d e\d
<= .
) (27T>

Proof. Since (0% f)x| < (271r)d||8°‘f||co we have

where

A= (2m)” (1—3 =T

s|a| slal
1lle, = > Er 0 Flles = 2m)* 37 Eml@ £l

aeNG NG

Taking into account that (0%f)y = [];(ik;)% fi. we get,

s|a
@5l Y ke < £l (4.3)

aENg

where k¢ = H;i:l |k;|*. Now we estimate the sum ) %ko‘ from
below. Noticed that

pelel

als — k" = Hzpls| ]|n

a€eNd Jj=1n=0

In order to estimate the sum inside the product we recall the Holder
inequality. For any sequences of positive real numbers (z,),>o and
(Yn)n>0 we have

0 S 00 5/t oo
(z y> < (z %) S
n=0 n=0 n=0
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where ¢ = *5. Taking

1/s\™
:(/0“{7]’ ) and g, = —

" n! s

we get

|11/s > pSTL n
Al < n(s) S0 2k
n=0
s \ 1—s
where h(s) := (1 _st> . Notice that h'(s) > 0, h(1) = 1 and
lim, o h(s) = e. So 1 < h(s) < e for every s > 1. Since >_; |k |V >
k|15, we get
s|a 1
P o> = eplkl
als L= hde )
a€eNg
Using this lower bound in (4.3) we obtain the desired estimate on the
Fourier coefficients. U

Lemma 4.8. For every p > 0 and k € Z¢,
. s—1 1 . s—1 1
Hezk:-x“cp < ed s splk|s and ||6zk~a:Hép < (1 + ‘k’|)€d s Sp|k|5‘

Proof. We will prove only the first inequality. The second follows di-
rectly from the first and the definition of the norm. Notice that,

sla| @

o p v
HezkaCP = Z Wn‘kﬂa]

aeNd j=1

n=0 |a|=n i=1 i=1 n=0

for any sequences a; and(A.1).

Since ), [k; © < d"v|k|+ from (A.2) we obtain the claimed estimate.
U
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4.3. Spaces F;, and F, ,. Lemma 4.7 motivates the following def-
inition. Given p > 0 let F,(T%) be the set of smooth functions
f € C>=(T?) that satisfy

1/s
1z, = D Wl < co.

kezd

Several properties of this norm are easy to establish. Firstly, ||f|lco <
| fll7,, for any p > 0. Secondly, [|f|7, , < ||Ifllz, for every p" < p.
Moreover, it is simple to check that F; ,(T?) endowed with the norm
|| - |l, is a Banach algebra.

Given any f = (f1,..., f1) € C°(T% R?) we define the following
norm,

17, = Ifullz, + -+ [l a

Similarly, we denote by F ,(T¢ R?) the set of R%-valued s-Gevrey func-
tions that satisfy ||f||z , < co. Clearly, F; (T R?) is also a Banach
space.

To control the derivatives of Gevrey functions it is convenient to
introduce the following family of norms,

1Fllr, o= > (1 + K] file ™

kezd

-FS,p'

and define F, (T R?) C F, ,(T% R?) to be the subset of Gevrey func-
tions that have the above norm finite. Notice that,

£z, = fl7, + > l0°f|

la)=1

Fsp:

To simplify the notation we shall denote these spaces by F,, and
Fsp» and when there is no need for the explicit dependence of s we
remove it from our notation.

It is clear that F ;, is also a Banach space. Moreover,

IDF(P)I7, < [ fll7 IRl

This means that Df is a bounded operator on F, whenever f € F).
We also denote by || D f||#, its induced norm.

Another useful property is the following upper-bound on the norm
of the derivatives of a function.

Lemma 4.9 (Cauchy’s estimate). Given p' < p and f € F,,

A+ s sl
10°fll, < (p_p,) || £l
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Proof. Note that

d

. /

0% Fllz, = > Vel [ sl e ™
j=1

kezd
d 1—s
gZNM(HmmwﬂMMMW?yw”
kezd Jj=1

k[ > ki[5 4+ - -+|kg|"/*. The
defined for z > 0 attains its maximum

s—1 s s—1 sa;
at ¥ = (ajd - S) with value (ajd ) s) . Since (a;/e)* < a;! by

p—r e(p—p')

where we have used the inequality as
—d' T (- )z

function z — x%e

Stirling’s approximation, we get

d s—1 S
oa:d s s 1/s
WWWSH(L—J > [ feleH”

o

s— slal
A s s
(p_p,) |l fllz, -

In the following lemma we show how the norms of the various Banach
spaces are related. To simplify the notation we define the constants:

B = d~ s and C, = Z e”"kp/s, (4.4)

kezd

IN

i

where v > 0 L.

Lemma 4.10 (Inclusions). Let o’ > 0 and v > 0. The following holds:
(1) If p > Bp’ + v, then

I flle, < 1All7, and Aflle, <Ifllz-
(2) If p > p' + v, then
Iz, < Cullflle, and |fllF, < Collfle,-

Proof. By Lemma 4.8, we have
ik-x ) k| e
1£lle, < D Ullle®lle, < > 1 fule® M < if |5,

kezd kezd

INotice that C, can be bounded from above as follows,

d 2sd
c;g1+(*) Cﬁ .
3 v
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This proves the first inequality of (1). Using Lemma 4.7 we get
/1.|1/s
Iz, = X 1fule”™ < Cullfle, .,
kezd
which shows the first inequality of (2). The remaining inequalities are

proved similarly. U

Remark 4.11. It follows from the previous lemma that the set of
s-Gevrey functions is given by | J >0 F s
Proposition 4.12. Given p >0 and 0 < v < p/(1+ 8+ ?) let

_pov

/ p—v 1"
pi=—— and p = v.
g 8
If f € F, and v € F, such that
/s
HUH}—,,/ < ds—1 - (p//+y)8’

then

(1) |If o dd+uw)|7,, < CollflF,

(2) [IDf o (Id+u)lF,, < Collfllz,

3) If o (Id+u) = fliz, < Collfllxlullz,.
Moreover, if f € F,, and,

(440 05 0))
ful, < N = ()’
then .
IDf o (1d+u) — Dflls,, < 22 syl
Proof.

(1) By (2) of Lemma 4.10,
1f o (Id+u)l7,, <Cullf o (d+u)lle,..,-
Since, by (1) of Lemma 4.10,

/s

e
51
we get by Theorem 4.3 and (1) of Lemma 4.10 that,
If o ([d+u)llz,, < Cullflle, < Cullfllz,
(2) Similarly, by (2) of Lemma 4.10,
I1Df o (Id+u)lz,, < Cy[[Df o (ld+u)
Thus, by (1) of Lemma 4.4,
IDf o (d+u)llz,, <CullDflle, < Cullfllz.

||U||cp,,+y < ||u||;p, < _ (IO//+V>S7

ey, -
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(3) Arguing as before we conclude using Lemma 4.10 and (2) of
Lemma 4.4 that,

1fo(d+u) = fllz,, < Cullf o (Id+u) = fllc,,.,
< CllDflle, llulle, .,
< Cllfllzllullz,

To prove the last estimate we can apply (4.4) of Lemma 4.4 to get
IDf o (1d-+u) — Df|z,, < Co|Df o (1d+u) - Df|c,,..

28
<C, — Dflle , llullc
e IP e .
2°C,
< 2% gyl

g

Since F ; Cc F l’)_log s Whenever ¢ > 1, consider the inclusion operator
Zy: F, = F, jogs- Notice that Z, o E = E o Z, = E. When restricted

to non-constant modes, its norm can be estimated as follows.
Lemma 4.13. If ¢ > 1, then | Z4(I - E)|| < ¢~

Proof. This follows simply by noticing that

o /s _
IE=E) iz, ,,, = D0+ RNl 28 < 67 |
k+#£0

5. COORDINATE TRANSFORMATIONS AND TIME
REPARAMETRIZATION

A coordinate transformation ¢ on the d-torus T is a diffeomorphism
isotopic to a matrix in SL(d,Z). That is, 1 = ¢o A where A € SL(d,7Z)
and ¢: T? — T? is an isotopic to the identity diffeomorphism, meaning
that ¢ — Id is 27Z%periodic.

A vector field X on T? written on new coordinates 1 is denoted by

WX = (DY) X 0.

Notice that the set of vector fields on T¢ can be identified with the set
of functions from T to R?, i.e. 27nZ%periodic maps of R

Since s > 1 is fixed throughout the paper and only the Banach spaces
F, and F, will be used, we shall simplify the notation by denoting their
norms by || - [|, and [| - [|},, respectively.
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5.1. Elimination of far from resonance modes. Fix w € R%
Given o > 0 we call far from resonance modes to the Fourier modes
with indices in

I,={keZ |w-k|>olk|}. (5.1)

The resonant modes are the ones in I}, = Z%\ I, We also define the
projections I7, and I, over the spaces of functions by restricting the
modes to I, and I, respectively. Clearly, I =17  + 17, where I is
the identity operator. Moreover, ||If, ||, < 1. To simplify the notation
we occasionally omit the dependence of IF,, and I7,, from w.

Given p > 0 and € > 0, we denote by V. the set
ng{w—i—fe]'";: HfH;<5}. (5.2)

The following theorem is an adaptation of a result in [19, 10] to the
Gevrey class. For the convenience of the reader a proof can be found
in the appendix.

Theorem 5.1. Given 0 <o < |w|, p>0and 0 <v < p/(1+ [+ ),

let
e =¢(o,v, |wl|,s,d) 7 min v ’ & +7 B
=&lo = —— 1l - — | —
o 8(C, —1) (28)%” 8lw|C, \v* ’
(5.3)
and
/ p—Vv 1" p/ -V
= and = — .
P8 7T

There exist a smooth homotopy of Fréchet differentiable maps 34;: V. —
ICF, and Us: Ve — (1 = ) F, @ tIF Fr such that

U(X) = (Id +44,(X))* X

and
CUX)=(1-1t) X, t €[0,1]. (5.4)
Moreover,
8(C, — 1), _
1Ol < ———— - X1, (5.5)
and

1U:(X) — wllpr <NT5(X = w)llpr + (1= L X |
| 2twl(C, - 20, - 1)

2

L, (59

o -

X = wl]
o

Remark 5.2. It follows from the definition of ¢ and estimate (5.6)
that,

24:(X) = wllpr < (8 = )| X — wll,.
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5.2. Rescaling. A fundamental step in the renormalization scheme is
a linear transformation of the domain of definition of our vector fields.

Suppose that T' € SL(d,Z) and n € R\ {0}. Consider X € F,. We
are interested in the following coordinate and time linear changes:

e T ', t — nt. (5.7)
Notice that 7 < 0 means inverting the direction of time. These changes
determine a new vector field as the image of the map
X = T(X)=n(T X,
It is simple to check that EoT =7 o E.
Let |T| denote the induced norm of the matrix 7', i.e.
d

7| = %‘%2 IT;,]
1=

where T; ; is the 4, j entry of T. Clearly, |T'| € N.
Given o > 0 and w € R\ {0}, define

T Tk
A:= sup | |
kert ,\{0} |k7|

Lemma 5.3. Let p >0, 0 < 6 < p/AY* and

P
The linear operator T (I}, — E) maps F, into (I — E)F,, and satisfies
SS
705 - B0 < ol (145). (5.9)

Proof. Let f € (I, — E)F,. Then,

-1, =T (o' =648)|T~ T k|1/¢
If T M p, < > (L+IT ") Ifule :
k€13, \{0}

Using the inequality £e=9¢"" < (2)” with & > 0, we get

||f o T_1||.7:', < (1 + S_S) Z |fk|e,41/5(p’+5)|k|l/s
k€ls,,\{0}
SS
< |1+ = .
<(1+5) 1
Finally, [|T7]l5, < Iol {71 11f o Tz, 0
Given P € SL(d,Z), 0 > 0 and w € R\ {0}, define
Pk
B = sup | ] |

k€5
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Lemma 5.4. Let p > 0 and

T
= Bi/s

P

The linear operator 7: f + f o P maps I ,F, into (I — E)F, and
satisfies |7 oI || < 1.

Proof. Let f €1 ,F,. Then,

T11/s 1/s 1/s
IfoPllr, = > Ifele” < N | file® T < || £ 5,

k€L kel

6. RENORMALIZATION

As in the previous section, s > 1 is fixed throughout and to simplify
the notation we shall denote by || - ||, and || - ||/, the norms of F, and
JF, respectively.

6.1. Renormalization operator. Fix p > 0. Let w € R¥\{0}, o > 0,
0<v<p/(l+B+6%),n€R\{0} and T € SL(d,Z). Recall also (4.4).
The renormalization operator

R:F,— | J 7

>0

is defined for each X € V. by
R(X) = T oU(X).
Proposition 6.1. Let 0 < § < p"/AY*, 0 < ( < p”,

/ p”—C 1/ p—l/(l—l—ﬁ—l—ﬂQ)
P="J —0 and p' = 52 :

For any X € V. we have that R(X) € F,, and

SS
H@—EnuXWQSMWN(1+§)WW[MLL¥—wa

L 2lul(C, - )G, ~ 1)

o2

2
||X—w||;]

Proof. Using Theorem 5.1, Lemma 5.3 and Lemma 4.13 we obtain the
above statement. O
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6.2. Infinitely renormalizable vector fields. For a rationally inde-
pendent vector w € R?\ {0} consider its multidimensional continued
fractions expansion, namely the sequences w,,, T,, and 7,, n > 1. More-
over, consider some chosen sequences p,,, o,, v, > 0 satisfying

O < |w| and v, < p,/(1+ 8+ B%).

We now define a sequence of renormalization operators R, in the
following way. Each renormalization operator is the composition of the
operators T, := 1, (T,,1)* and U,, obtained by Theorem 5.1 for ¢ = 1
and w = w,_1, i.e.

R, =T,ol,, n>1.

The domain of the operator R, is the open ball V., C F, | cen-

tered at w,,_; with radius

En—-1 = Z':(O-n—la Vn-1, |wn—1|a S, d)

as given by (5.3). Notice that X and R,(X) are Gevrey-equivalent
vector fields, i.e. their flows are conjugated by an s-Gevrey diffeomor-
phism.

Definition 6.1. We say that X € F is infinitely renormalizable if X
belongs to the domain of the operator R, o--- o R for every n > 1,
ie.

[ Xn1 — wn—alnﬂ < Ep—1-

We will show later that infinitely renormalizable vector fields such
that the renormalization converges to a constant have a flow which
is linearizable by a Gevrey conjugacy. In the remaining part of this
section we want to find conditions for which a vector field is infinitely
renormalizable.

6.3. Sufficient conditions. Let py := p. We fix the sequence v,, :=
v > 0 to be constant along the iterations and so that

Pn

< — 6.1
S Ry 6.1)
for every n > 0. This can be achieved for the choice
n—1 1 ) — pB? n—
ppim oot ZVAFBE ) = B (6.2)

32 A}L/S
for any sequences ¢, > 1, ¢, > 0 and § > 0, as long as inf, p, > 0.
Iterating the equation above we get

___ p—Ba
- pmAls o Als

Pn

where

._ ~ o 1/s 1/s v(1+ B8+ 3% G
B, ._;5 AY° A <5+ Tl +A‘1/S (6.3)
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is an increasing sequence. Define

s

2 max {1og (7(d 1)l 1T0] (1+ ) —9) , o}
log(1/0,-1)

where 0 < 6, < 1 is any chosen sequence.

Notice that B,, depends on the choice of the sequence o,, through the
sequences &, and A,.

Moreover, if for some sequence o, we have lim B,, < oo, then neces-
sarily ﬁ%A}/S - AY® 0. Hence, if p > lim B,,, we have

gn—l =

p—lim B,
> 1 1
gAY LAY

Let Xy := X and X,, := R,(X,,—1) whenever X,,_; is in the domain
of R,.

— +00

Pn

Theorem 6.2. If X € F,, 0 <0, <1 and 0 < 0, < |wy| satisfy

e Rot X = w,
o || X —wll, < e,
e p>limB,,

then X is infinitely renormalizable and
| Xn — wall},, < €nbhn, n>1 (6.4)
Proof. 1f at each step X, is in the domain of U,, .1, i.e.
|1 X, — wnH’pn < é&p, (6.5)

then X, is renormalizable and X,,.; = R,41(X,,). Being true for any
n € N, then X is infinitely renormalizable. The inequality (6.5) can
be estimated using [21, Proposition 3.3] and Proposition 6.1. First we
get,
||Xn - Wn”;)n = HRn(Xn—l) - WnH,pn
< [[T=E)Ru(Xu-0)ll}, + [ERn(Xn-1) —wal  (6.6)
<@+ DI = E)Rn(Xn-1)

15

Thus,
! 5° Cn—1/2 +
1, = wall, <+ Dl 5] (14 5 ) 0837 I (Ko =l
2Dl 1(Cy — 1)(2C, — 1) )
+ 5 Xs = waall?].
n—1

where

& =AY (pp+0)+ G and €= +v(1+5+5%).
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We now proceed by induction. Assuming that (6.4) holds for n — 1,
we substitute the value of (,,_; and use Remark 5.2 to get,

SS
1, = nlly, < 70+ D (5] (145 ) o2 10—l

< enb,.

7. CONJUGACY TO TORUS TRANSLATION

In this section we give a sufficient condition for a conjugacy of the
flow of X to a torus translation to have Gevrey regularity.

7.1. Convergence of the conjugation. Fix s > 1 and let p > 0.
Assume that X is infinitely renormalizable, i.e.

[ Xn —wnllz, < eén, n>1.
Notice that
Xp=X(UioT{ o ioU, 0T, ) (X) €EF, (7.1)

with U, := Id +4,(X, 1) € F, | and lim, p, = co. Furthermore, we
can write

PX, =\ bl (X) (7.2)
by considering the s-Gevrey diffeomorphisms

hy =g o--0gp (7.3)
and

Gn ‘= n__lloUnOPnfla ”21

For convenience of notations, set Ty = Py = I to be the identity
matrix. Notice that |I| = 1.

Define,
T = %, n>1.
252871—1
We recall that 0 < v < p,/(1+ 8+ 3?).
Lemma 7.1. For everyn > 1,
[Pl o
l9n =1d le,, <8(C, = DL Xl o (74)

Proof. Lemma 4.10, Lemma 5.4 and Theorem 5.1 imply that

|P!y 0 Un o Paille, <B4 ||Uno P

< P4 Ul

(Gl L
1

1 ||‘rﬁ7‘n+ﬂn

| o
S X7,

On_
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where
1 Pn—1 —V
Sn = /8 (57% + ,un) and Mn = n—l/s
268B.*

g

Given £ € Ny, denote by C*(T? R?) the space of 2rZ%periodic func-
tion which have ¢ continuous derivatives. We consider the C*-norm,

[fllee := sup [[0% f|co.

o<

Also define,

0, = Loty — il

n—1
From now on we consider a sequence of positive real numbers { R, },,>0
satisfying,

R,<r, and d% R, <R, n>1 (7.5)
Theorem 7.2 (Topological conjugacy). If

00 @n
Z s—1 < 007
(Rn—l —d Rn)s

n=1

then h := lim,, h,, is a homeomorphism and ¢ o h = h o ¢f.

Proof. Notice that, by Lemma A.1,

s—1 o
(Bt 2R, (R — 47 F)
- R >
2ss—1 n — 9ss—1
The convergence of the series in the hypothesis implies that

lim ©,,/(R,_1 — d®"Y/*R,)* = 0.

Thus, for n sufficiently large we have

8(C, —1)|P,

(Ro1 +d*5 R,)*

1| s
On1 “]In 13n— 1||]:p = 95 s—1 - Rn (76)
This condition is sufficient to apply Lemma 4.6. So we get,
r

hn - hn— C = n371 9n — Id Cr,,>

o =il < ot lon = W,
where

n—1
Fn = (Rn—l — dsgl Rn)s + 2° Z Hgl —1Id HCR,-'

Follows from Lemma 7.1, the properties of R,, and ) O, < oo that
I':=sup, I', <oo. So,

r
hn - hn— S p— n — 1d .
I llex, (Rwy—JTR@Jg ez,
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Using again Lemma 7.1, we have

O,
(Ruy = d"5 Ry
Noticed that ||k, — hp—1llco < [[hn — hn-ille, z, - Thus, h, —Id is a
Cauchy sequence in C°. Hence, it converges to h — Id € C°(T¢, R?)

where h := lim,, h,,. To show that h is a homeomorphism we prove that
the inverse h,,! also converges in CY. Notice that,

Ihet = B tilloo = llgn " = 1d co,

on — il < 8(Co —1)T (7.7

and
lg" = Td[lco = [(gn — 1d) © g [lco = [|gn — Td [lco.
Thus,
1het = hallloo = [lgn = Id]lco < [lgn — 1d [lcg, -
It follows immediately that h ' converges in C°. Thus h is a homeo-
morphism.

Finally, we show that h conjugates the flow of X to a linear flow
with frequency w. First notice that

t _ t
Xohn - hnoqb/\;lp;;xn'

Since A\ ' P X, = w + A\, ' PH(X,, — w,) we get,

t t
¢>\;1P;;Xn — 9 co

S ’

t
/ A Py (X = wn) 0 1 pey ds
0 nen
< AP X = walleo
= |t|0n)‘r:1@n+1
< [tl|wnl A7 O

CO

Since 0, < |w,| by definition of the sequence o,, (see Theorem 5.1) and
jwn| < Ci|w|A, by Lemma 3.8, the time-t map ¢} ., converges to

¢! in the C%-topology for every t € R. O

Theorem 7.3 (C? conjugacy). If there exists { € N, 7> 0 and C > 0
such that,

[e.9]

on < Cn*
~ (Roo1 — 5 R R
then h = lim,, h,, is a C* diffeomorphism and moreover

0%(h —1d)||co < C'al*n**, |a|=1¢ (7.8)
where C' > 0 is independent of .

Proof. Define

)

n

O,

D, = — .
(Ry,—1 —d5 R,)*R
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By hypothesis, there exists £ € N such that ) D, < oco. From the
definition of the Cp,-norm we have for each o € N¢ that

o al®
Ha (hn - hn—1>||CO < thn - hn—IHCRn'

So, by (7.7) we get
|0%(hn, — hpe1)||co < 8(C, — DI’ D, o] < ¢,
where I' = sup,, I';, and

s—1

n—1
Loi= (Root =d5 Ry) +2° ) |lgi = 1d ey, -
i=1

By the hypothesis of the theorem we conclude that I' < C"n* for some
constant C" > 0 independent of ¢. Since ) D, < oo, the sequence
h, — Id is Cauchy in C*(T¢,R%). Thus, h — Id € C*(T¢ R?) where
h :=lim, h,. Taking in consideration Lemmas 4.5 and 4.6 we obtain,
for any m > 1 sufficiently large, that,

n
lgm o -0 gn —1d s, <D g —1d|lcy,s 1 >m.
i=m
In view of Lemma 7.1 and ) O, < oo, the previous estimate gives

||h —Id ||cx < 1. Thus, A is a diffecomorphism. Let |a| = ¢. To get the
final estimate we write using a telescopic argument,

10° (b = 1d)[lco <Y 10%(hi = hiz1) | co

=1
<8(C, — lal*>» D,
i=1

< 8(C, — 1)C'Calin®*,
where we have assumed for convenience hy = Id. O

7.2. Sufficient conditions. Define Ry := py — lim BB, recalling (6.3),
and
1 R R,
R, ::_min{—olvs—ll}a n=>1,
2 BZHQn/S e

Qn = Inax Al tee Aileifl.

1<i<n

where,

Notice that €2, < €,;. For convenience we set {2y = 1.

Lemma 7.4. For every n > 1, (7.5) holds and
L <R, < i_
2n52n9}/5 - - 2527LQ711/5
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Proof. Using (6.2) we see that

po — lim B,

_ 1/s 1/s °
oA AT

Pn—1 —V >

Hence,
Pn—-1—V RO
= > >
28,5 2 A AL B
This shows the first inequality in (7.5). The other one is immediate

from the definition of R,,.
Finally, the last inequalities follow by induction on n. O

n-.

In the following we give a sufficient condition for the conjugacy h
to have C*-smooth regularity in terms of the growth of an increasing
sequence t,, starting at tg = 0. Recall that W,, = W(t,) and A, =
Tk, — W (T, ) (see section 3). Define

o 1= n O e @D na i) —(d=)Wn—tnia+An (7.9)

n

Proposition 7.5. Let { € N. If t; > 21og((26%)*Cs) and
thrl Z 5<€+ 1)tn> n 2 17

then there are constants C,n > 0 not depending on ¢ such that (7.8)
holds.

Proof. By Lemma 7.4

(Rp_1 —d™+ Ry)® > %, Vn>1.

Moreover, from the definition of ©,, and ¢,, (see Theorem 5.1) we have
that,

‘Pf—ll ’ 1|<7n 1
0, < —/—¢,_ ., Vn>1.
- Opn—1 ¢ 1 C — ]. "=
Thus, by Lemma 7.4,
O, 2°0,,
s—1 < (¢+1)
(R,.1—d s R,)°R* R,
28‘ 1|‘7n 1
‘(C-—nR““>
< 1 (2B2)ns (£+1) Qf-i-l‘ 1‘0_71 1
where

28
(C, — )R

C1 ‘=

By Lemma 3.11,

1 n—1
Q, < |w|CyC51 (1 + —1> eldtDtn—1
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Notice that

o, < lelefd(tn_,_lftn).
Moreover, by Lemma 3.8 and the definition of o,
’Pn_—11|(7n—1 < 01_102\0.1\ e(d—l)(tn_1—Wn_1)+de_1—d(tn—tn_1)
S 01_102|UJ| e—dtn+2dtn71.
Putting these estimates together we get

QP o1 < HHOC ) ] O e d i,

Thus,
O,
s—1 S 020/7'1
(R,—1 —d5 R,)*R
where
¢y i= e (0105 w] 2
and

a, ::<(2&2)802)n(€+1)e—d(tn—4(€+1)tn,1).

In particular, a; = b+ le= where b := (232)*Cs.
By the hypothesis on ¢, we conclude that for n > 2,

a, <e~UHDt-1+n(E+1)logh
with ay < (b?e~ 1)1 and
ty >t (5(L+ 1)) >t (n+1).
Hence, for n > 3,

a <e—(€+1)(dtn_1—n logb)
n —

<e—(€+1)(dt1—log b)n

and

o0 @n oo
= Sc ) ag
Z (Rnfl —d 1Rn)stf 2
< ¢y Z e—(€+l)(—dt1—log b)n

n=3
026—(£+1)(dt1—10g b)3

1 — e~ (¢+1)(dt1—logb)

026—(£+1)(dt1—10g b)3

1 — e—(dti—logb)

33
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7.3. Class of frequency vectors. Recall that the numbers A,, 7,
and |T,| depend on the choice of a strictly increasing unbounded se-
quence t,.

Lemma 7.6. If

[e.e]

2 s \n—LA(tn)
Z(ﬁ Cs)e - ln41 < 00, (7.10)

n=0

then lim BB,, < co.
Proof. 1t follows from the definition of ¢, (see (5.3)) that
En—1 o On—1 2
en \ o, ’

for every n > 1 sufficiently large. Moreover, from the definition of
sequences o, and 6, = 1 we have that

log (671;) < 2dt, 1 +1ogf,t +2log (

87’L7’L

n
< cotpt1,
n—1

for every n sufficiently large and some constant ¢y > 0 independent of
n. Moreover, by Lemma 3.8,

log(|n.||Tn]) < log(C1Cy) + 2dt,.
Hence,
log ¢, < citpya,
for every n sufficiently large and some constant ¢; > 0 independent of
n. Now the claim follows since by Lemma 3.11, we have that
Ai/s .. .Ai/s < (1+ 1/n)%C2%€f§A(tn) < CQCQ% efiA(tn)7
for some constant c; > 0 independent of n. O

7.4. Gevrey conjugation. The following theorem is the main result
of this paper.

Theorem 7.7. Let X € F, be an s-Gevrey vector field such that
Rot X = w = (a, 1) is an s(1 + 0)-Brjuno vector with 6 > 0. There is
g0 = €o(po,w, s,d) > 0 such that if [| X — w|}, < eo, then there exists
an s-Gevrey diffeomorphism h such that ¢ o h = h o ¢f.

1
Proof. By assumption, ) ., e_s(1+5)A(T”)Tn+1 < oo where {7,,},>0 is
the stopping time sequence associated with w. Now define the following
modified sequence. Let to = 79 = 0,

t; = max {é log((2/3%)°Cy) + €, 7'1}

for a given ¢ > 0 and
tnr1 = max {5({ + Vt,, 71}, n>1,
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where ¢ € N. Notice that t,, > 7, for every n > 0 and the sequence
{t, }n>0 satisfies the assumption of Proposition 7.5. Choose ¢ € N such
that 5(¢ + 1) > (B2Ca/*)Y%. Then (82C,/%)" Jt0, < 1/70 for every
n > 0.

For each n > 1 there are two cases: if t,,1 = 7,11, we have

1
1 A
e s(1+446) ( )t nt1 < e s(1+6) ( )TTL+17

since A(7,) < A(t,); otherwise t,11 = 5(¢ + 1)t, and we have

e~ s Altn)y nt1 =5+ 1)e s<1+5>A(t")tn.
We conclude that
= ——L A(tn) = ——L A(m) > —— L _A(tn)
Z e~ ST toy1 < Z e s(F9) Toi1 +5(0+1) Z ) th.
n=0 n=0 n=0

Since % > 5((+1) > 1, we get by Proposition 3.7,

[e.9]

Ze_ﬁ“t")tn“ < 00.
n=0
Furthermore,
f:(BQOQI/s)ne_iA(tn)th _ i 52(;'1/5 _,A(tn)t}l-_ifl
n=0 1: _
< e
i

Ll 146
__1 A tn
<5 E D) i
1 n=0

< Q.

So, both the hypothesis of Lemma 7.6, Theorem 6.2 and Proposition 7.5
hold for the chosen modified sequence t,,.

Now, denote by B(w) the limit of B,, for a vector w. As in [21, The-
orem 8.1] we can iterate the renormalization operator a finite number
of steps N > 1 to get py > B(wy). Therefore, we assume from the
very beginning that py > B(w). Notice that B(w) < oo by Lemma 7.6.
We now apply Theorem 6.2 with o,, defined in (7.9) and 6,, = 1 to con-
clude that X is infinitely renormalizable. The value of ¢, is given by
(5.3). By Theorem 7.2 and Theorem 7.3, the vector field X is C* con-
jugated to the constant vector field w. The conjugacy h has s-Gevrey
estimates (7.8). Since ¢ € N is arbitrary and the conjugacy h is unique
up to a composition with a translation, we conclude that h is s-Gevrey
smooth. O



36 J LOPES DIAS AND GAIVAO

APPENDIX A
A.1. Useful inequalities.
Lemma A.1. Leta, >0, n €N, and s > 1. Then,

(1) .
Zaf < <Z ai) (A.1)
) : _
d d 1/s
Z ail/s < dB=0/s (Z ai) (A.2)
i=1 i=1
Proof.

(1) Assume that 0 < > 2, a; < oo (the remaining cases are imme-
diate). Thus,

> (sta) =Xsta

7j=1

(2) By the convexity of the function x +—

b+ +bg 5<b§+---+b§
d - d '

Now set b; = al/s.
O
A.2. Proof of Theorem 5.1. Define
-1 1
§ = Mg < —.
o 2

Let X = w + f where f € F,. We seek a coordinate transformation
U = Id +u where u belongs to

Notice that
U'X = (I +Du)*(w+ fo(Id+u)).

Since
<p/_’_d5;sl(p//—|—y)>s 1 U 8
A s>_<</__>_ /o s)
ST (" +v) > 5 (P35 (p —v)
> v
~(28)
and 0 < 2”5)3, Proposition 4.12 implies that we have a well defined

operator G: Bs — I F, given by,
G(u) ;=T (I + Du)""(w + f o (Id +u)).
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Notice that, G(0) =17 X € I7F).

We want to find v € Bs such that G(u) = 0. We solve this problem
using a homotopy, i.e. we will look for a smooth family u,: [0,1] — Bs
satisfying the equation,

G(ur) = (1 =1)G(0).
Differentiating with respect to ¢ we conclude that u; has to satisfy the
differential equation

dut
D — =—G(0).
Glu) 5t = ~G(0)

In order to solve this differential equation we invert DG (u;). The fol-
lowing lemmas provide the necessary estimates.

Lemma A.2. If u € Bs, then the derivative of G at u is a linear
operator DG(u): 17 F, — 17 F, defined by

h 1 (I+Du)"' [(Df)oUh— Dh(I+ Du) " (w+ foU)]. (A.3)
Proof. See [19, Lemma 9.2] for the computation of the derivative. To

see that DG (u)h € 17 F,» for any h € I7F), just apply Proposition 4.12.
U

Lemma A.3. If ||f||), < e, then DG(0)~" is a bounded linear operator
from IZF, to 17 F,,. Moreover

Ipgo)" < 141,

Proof. Let Lih = Df h — Dh f and D,,h = Dhw. Then

DG(0)h =1 (L; — Dy)h.

We wish to invert DG(0) on I F,, i.e. on elements in F, having only
far from resonant modes. Formally,

DG(0) ™! = (I, (Ly — Dy)) ' = D' (I, LD, —T) 7"

The inverse of D, is a bounded linear operator from I, F, to I F,.
Indeed, given g € I F,,

]_ + |]€| /11|1/s
I(Dw) gl = Z ! gele” ™

kely

< 2{: 174"k" —m)IkY/?
kely
2C, — 1)

< —= .

< 2% Dyy),

Moreover, Ly is a bounded linear operator from ]I;}";, to Fu,

LRl < DS hlly +11DR fll < 20 £ 11RI-
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Thus,
4(C, — 1) 1
LD < ———|IfIl), < =
It 04 < 2=y <
since || f[|}, < e < 6.1y~ Hence,
D%l 4(C, - 1)
LDy o

1DG(0)7) < 7
U

Lemma A.4. Ifu € Bs and || f|,, < &, then the linear operator DG (u)—
DG(0) mapping 17 F, to 17 F,n is bounded and

Sw|C, [ 2°
| DG(u) — DG(0)]] < 1 (; + 7)

Proof. According to (A.3) we can write

(DG(u) — DG(0)) h =T (I + Du)™" (A; + Ay + A3),
where

Ay =(Dfo(Id4+u) — Df — DuDf)h,

Ay = DuDh(w + f),

As = —Dh(I + Du)"' (f o (Id +u) — f — Du(w + f)).
It follows from Proposition 4.12 that,

2°C,
it < (224 1) Ul ol
[ Aallr < (fwl + LI el 1211
[l T
1Al < — 5o [lwl + 1+ GO ILFIL] IR
1= [ull},
Taking into account that [ull’, < d < 1/2, |If|l, <& < 5oy and
0 <o <|w| we get,
lw|oC, [ 2°
D - DGO)|| < ——= | — +26
1DG() ~ DGO < 75 (5 +
which gives the final estimate. O

Lemma A.5. If u € Bs and ||/, < e, then DG(u)™" is a bounded
linear operator from I_F, to ]I;.F;,,. Moreover,

DG () < 2.

Proof. Notice that,
DG(u)t = (DG (u) — DG(0) + DG(0))™*
— DG(0)™" [T + (DG(u) — DG(0))DG(0)~*] "
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By Lemmas A.3 and A .4,
_ 46lw|C,, [ 2°
I1D6() - DGO)IIDG(0) | < 4% (£ 47
1

<_
27

by our choice of §. Thus, again using Lemma A.3

_ 8(C, —1 0
1||< ( ):_‘
o

I1DG (u)~"|| < 2/|DG(0)

Now we conclude the proof of Theorem 5.1. Notice that,

U = — /t DG(u,)'G(0) ds.

Since G(0) € I F,, it follows from Lemma A.5 that,

81(C, — 1)
g

el <t Sup IDG ()M GO, < [ Xl (A4)

)

This implies that u; € By for every t € [0,1]. So X +— u; defines an
operator U; from V. to I7F), and X > (Id +£6,(X))*X defines another
operator U; from V. to (1 —t)IF, @ tIF F,». In addition,

Z/{t(w —+ f) —w = H;Lf + (1 — t)H;f -+ Hj(Al + A2 + Ag)
where

Ay =Dfu — Duyf — Dug D f uy,
Ay = (I — Duy) (f o (Id+uy) — f — Df ),

[e.e]

A3 = (=Du)" (w+ fo (Id+uy)).

n=2
Using (A.4) and Proposition 4.12 we get,

24t(C,) — 1), .,
MG =)y,
g
32tC, (Cy — 1) .
=Dy

27tw|(C, — 1)(2C, — 1), ./
5 111
g

Therefore, U; is Fréchet differentiable at w with derivative IT f + (1 —
t)I f and the estimates in the statement follow immediately. This
concludes the proof of Theorem 5.1.

||A1||p” <

[ s pr <

[As]] 7 <
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