GENERIC DYNAMICS OF 4-DIMENSIONAL C*
HAMILTONIAN SYSTEMS
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ABSTRACT. We study the dynamical behaviour of Hamiltonian
flows defined on 4-dimensional compact symplectic manifolds. We
find the existence of a C2-residual set of Hamiltonians for which
there is an open mod 0 dense set of regular energy surfaces each
being either Anosov or having zero Lyapunov exponents almost
everywhere. This is in the spirit of the Bochi-Mané dichotomy
for area-preserving diffeomorphisms on compact surfaces [2] and
its continuous-time version for 3-dimensional volume-preserving
flows [1].

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The computation of Lyapunov exponents is one of the main problems
in the modern theory of dynamical systems. They give us fundamental
information on the asymptotic exponential behaviour of the linearized
system. It is therefore important to understand these objects in or-
der to study the time evolution of orbits. In particular, Pesin’s theory
deals with non-vanishing Lyapunov exponents systems (non-uniformly
hyperbolic). This setting jointly with a C regularity, o > 0, of the tan-
gent map allows us to derive a very complete geometric picture of the
dynamics (stable/unstable invariant manifolds). On the other hand, if
we aim at understanding both local and global dynamics, the presence
of zero Lyapunov exponents creates lots of obstacles. An example is
the case of conservative systems: using enough differentiability, the cel-
ebrated KAM theory guarantees persistence of invariant quasiperiodic
motion on tori yielding zero Lyapunov exponents.

In this paper we study the dependence of the Lyapunov exponents on
the dynamics of Hamiltonian flows. Despite the fact that the theory
of Hamiltonian systems ask, in general, for more refined topologies,
here we work in the framework of the C! topology of the Hamiltonian
vector field. Our motivation comes from a recent result of Bochi [2] for
area-preserving diffeomorphisms on compact surfaces, followed by its
continuous time counterpart [1] for volume-preserving flows on compact
3-manifolds. We point out that these results are based on the outlined
approach of Mané [10, 11]. Furthermore, Bochi and Viana (see [4])
generalized the result in [2] and proved also a version for linear cocycles
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and symplectomorphisms in any finite dimension. For a survey of the
theory see [5] and references therein.

Here we prove that zero Lyapunov exponents for 4-dimensional Hamil-
tonian systems are very common, at least for a C?-residual subset.
This picture changes radically for the C'"™ topology, the setting of most
Hamiltonian systems coming from applications. In this case Markus
and Meyer showed that there exists a residual of (' Hamiltonians
neither integrable nor ergodic [12].

Let (M,w) be a compact symplectic manifold. We will be interested
on the Hamiltonian dynamics of real-valued C*, 2 < s < 400, functions
on M that are constant on each comnected component of the boundary
OM. These functions are referred to as Hamiltonians on M and their
set will be denoted by C*(M, R) which we endow with the C?-topology.
Moreover, we include in this definition the case of M without boundary
OM = (). We assume M and OM (when it exists) to be both smooth.

Given a Hamiltonian H, any scalar e € H(M) C R is called an
energy of H and H'(e) = {x € M: H(z) = e} the corresponding
invariant energy level set. It is regular if it does not contain critical
points. An energy surface £ is a connected component of H~'(e).
Notice that connected components of OM # () correspond to energy
surfaces.

The volume form w? gives a measure j on M that is preserved by
the Hamiltonian flow. Recall that for a C?-generic Hamiltonian all
but finitely many points are regular (hence a full y-measure set), since
Morse functions are C2-open and dense. On each regular energy surface

& C M there is a natural finite invariant volume measure p¢ (see section
2.1).

Theorem 1. Let (M,w) be a 4-dim compact symplectic manifold. For a
C?-generic Hamiltonian H € C*(M,R), the union of the reqular energy
surfaces € that are either Anosov or have zero Lyapunov exponents jie-

a.e. for the Hamiltonian flow, forms an open p-mod 0 and dense subset
of M.

A regular energy surface is Anosov if it is uniformly hyperbolic for
the Hamiltonian flow (cf. section 2.5). Geodesic flows on negative cur-
vature surfaces are well-known systems yielding Anosov energy levels.
An example of a mechanical system which is Anosov on each positive
energy level was obtained by Hunt and MacKay [9].

We prove another dichotomy result for the transversal linear Poincaré
flow on the tangent bundle (see section 2.3). This projected tangent
flow can present a weaker form of hyperbolicity, a dominated splitting
(see section 2.6).

Theorem 2. Let (M,w) be a 4-dimensional compact symplectic man-
ifold. There exists a C?-dense subset ® of C*(M,R) such that, if
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H € D, there exists an invariant decomposition M = D U Z (mod 0)
satisfying:

o D= UneNDmm where D, 1s a set with m,-dominated splitting
for the transversal linear Poincaré flow of H, and

e the Hamiltonian flow of H has zero Lyapunov exponents for
x € Z.

The results above follow closely the strategy applied in [1] for volume-
preserving flows. Besides the decomposition of the manifold into in-
variant sets for each energy, the main novelty here is the construction
of Hamiltonian perturbations. Once those are built, we use abstract ar-
guments developed in [2] and [1] to conclude the proofs. Nevertheless,
for completeness, we will present all the ingredients in the Hamiltonian
framework. At the end of section 3.4 we discuss why in Theorem 2
we are only able to prove the existence of a dense subset instead of
residual.

At this point it is interesting to recall a related C?-generic dichotomy
by Newhouse [14]. That states the existence of a C?-residual set of
all Hamiltonians on a compact symplectic 2d-manifold, for which an
energy surface through any p € M is Anosov or is in the closure of 1-
elliptical periodic orbits. For another related result, in the topological
point of view, we mention a recent theorem by Vivier [17]: any 4-
dimensional Hamiltonian vector field admitting a robustly transitive
regular energy surface is Anosov on that surface.

In section 2 we introduce the main tools for the proofs of the above
theorems (section 3). These are based on Proposition 3.1 for which
we devote the rest of the paper. The fundamental point is the con-
struction of the perturbations of the Hamiltonian in section 4. Finally,
we conclude the proof in section 5 by an abstract construction already
contained in [1], which works equally in the present setting.

2. PRELIMINARIES

2.1. Basic notions. Let M be a 2d-dimensional manifold endowed
with a symplectic structure, i.e. a closed and nondegenerate 2-form
w. The pair (M,w) is called a symplectic manifold which is also a vol-
ume manifold by Liouville’s theorem. Let u be the so-called Lebesgue
measure associated to the volume form w? = w A -+ A w.

A diffeomorphism ¢: (M,w) — (N, w’) between two symplectic man-
ifolds is called a symplectomorphism if ¢g*w’ = w. The action of a
diffeomorphism on a 2-form is given by the pull-back (¢*w')(X,Y) =
W'(g:+X,9.Y). Here X and Y are vector fields on M and the push-
forward ¢,X = DgX is a vector field on N. Notice that a sym-
plectomorphism g: M — M preserves the Lebesgue measure p since
gwt = w
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For any smooth Hamiltonian function H: M — R there is a cor-
responding Hamiltonian vector field Xy: M — TM determined by
txyw = dH being exact, where t,w = w(v,-) is a 1-form. Notice
that H is C® iff Xy is C*~!. The Hamiltonian vector field generates
the Hamiltonian flow, a smooth 1-parameter group of symplectomor-
phisms ¢, on M satisfying Lol = Xy o ¢l and ¢} = id. Since
dH(Xpy) = w(Xg,Xg) = 0, Xg is tangent to the energy level sets
H~'(e). In addition, the Hamiltonian flow is globally defined with re-
spect to time because H |y is constant or, equivalently, X is tangent
to OM.

If v eT,He),ie dH(v)(z)= w(Xg,v)(x) =0, then its push-
forward by %, is again tangent to H'(e) on ¢l (x) since

dH (Dol v) (0 (2)) = w(Xu, Doy v)(9(2)) = ol w(Xm,v)(z) = 0.

We consider also the tangent flow Dy, : TM — TM that satisfies
the linear variational equation (the linearized differential equation)

d
— Dl = DXu () Dy
with DXy: M — TTM.

We say that x is a regular point if dH (x) # 0 (z is not critical). We
denote the set of regular points by R(H) and the set of critical points
by Crit(H). We call H~!(e) a regular energy level of H if H=!(e) N
Crit(H) = (. A regular energy surface is a connected component of a
regular energy level.

Given any regular energy level or surface £, we induce a volume form
we on the (2d — 1)-dimensional manifold £ in the following way. For
each x € &,

we(z) = yw?(x) on T,&

defines a (2d—1) non-degenerate form if Y € T, M satisfies dH (Y')(z) =

1. Notice that this definition does not depend on Y (up to normaliza-
tion) as long as it is transversal to € at x. Moreover, dH (D%, V) (ply(x)) =
d(H o %) (Y)(z) = 1. Thus, wg is ¢4-invariant, and the measure jg
induced by wg is again invariant. In order to obtain finite measures,

we need to consider compact energy levels.

On the manifold M we also fix any Riemannian structure which
induces a norm || - || on the fibers 7, M. We will use the standard norm
of a bounded linear map A given by | A = supy,—; [[Av].

The symplectic structure guarantees by Darboux theorem the exis-
tence of an atlas {h;: U; — R*} satisfying hiwy = w with

d
wo = Z dy; N dyqy;. (2.1)

i=1
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On the other hand, when dealing with volume manifolds (V,2) of
dimension p, Moser’s theorem [13] gives an atlas {h;: U; — RP} such
that 23 (dyy A -+ A dy,) = Q.

2.2. Oseledets’ theorem for 4-dim Hamiltonian systems. Unless
indicated, for the rest of this paper we fix a 4-dimensional compact
symplectic manifold (M,w). Take H € C?(M,R). Since the time-1
map of any tangent flow derived from a Hamiltonian vector field is
measure preserving, we obtain a version of Oseledets’ theorem [15] for
Hamiltonian systems. Given p-a.e. point x € M we have two possible
splittings:
(1) T,M = E, with E, 4-dimensional and

1
tliin glog | Dol (z) v|| = 0, v E Ey.

(2) T,M = Ef ® E; ® E? ® RXy(x), where RXy(x) denotes
the vector field direction, each one of these subspaces being
1-dimensional and

o lim {log Dl ()l poerxyl = 0;

o XF(H.x) = lim log || Dy ()] | > 0:

o A (H.x) = lim Llog | Dgly(x)lp: || = —A*(H, ).
Moreover,

tErinoozlogdethoil(x): > X(H,z) dim(E}) =0 (2.2)
ie{+,—}
and

1
lim 7 log sin oy = 0 (2.3)

t—4oo
where oy is the angle at time ¢ between any subspaces of the splitting.
The splitting of the tangent bundle is called Oseledets splitting and
the real numbers \*(H, z) are called the Lyapunov exponents. In the
case (1) we say that the Oseledets splitting is trivial. The full measure
set of the Oseledets points is denoted by O(H).
The vector field direction RX g (z) is trivially an Oseledets’s direction
with zero Lyapunov exponent.

2.3. The transversal linear Poincaré flow of a Hamiltonian.
For each x € R (we omit H when there is no ambiguity) take the
orthogonal splitting T, M = RXy(z) ® N,, where N, = (RXy(z))* is
the normal fiber at . Consider the automorphism of vector bundles

(,0) = (@ (2), Dy () v)-

Of course that, in general, the subbundle Nz is not Dyl -invariant. So

(2.4)

we relate to the Dyl -invariant quotient space Ng = Tr M/RXy(R)
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with an isomorphism ¢;: Np — Ng (which is also an isometry). The
unique map
such that ¢; o P, = DY, 0 ¢y is called the linear Poincaré flow for H.
Denoting by II.: T, M — N, the canonical orthogonal projection, the
linear map P (x): Ny — Nyt (4 18
Ph(z)v = Iyt 2y © Dyl (x)v.
We now consider
N, =N, NT,H '(e),
where T, H !(e) = ker dH (x) is the tangent space to the energy level
set with e = H(x). Thus, Nz is invariant under P}. So we define the
map
Pt Ng — N, O = Phln,
called the transversal linear Poincaré flow for H such that
Ol (x): Ny — /\f%(x), L (z)v = Myt (@) © Doty (x)v

is a linear symplectomorphism for the symplectic form induced on Nz
by w.

If x € RNO and A" (x) > 0, the Oseledets splitting on T, M induces
a @Y (z)-invariant splitting N, = Nf @ N where NF = IL,(E¥).

2.4. Lyapunov exponents. Our next lemma explicits that the dy-
namics of DY, and ®%; are coherent so that the Lyapunov exponents
for both cases are related.

Lemma 2.1. Given z € RN O, the Lyapunov exponents of the ;-
invariant decomposition are equal to the ones of the DY -invariant
decomposition.

Proof. If the Oseledets’ splitting is trivial there is nothing to prove.
Otherwise, let

nt =aXy(x)+v e NF
with vt € Ef and o € R. We want to study the asymptotic behavior
of ||®% (z)n™||. From the following two equalities

o g Dol (2) Xp(x) =yt () X 0 @l () =0,
o (Mg, ) Dl () v || = sin(6y) | Dy () v |,

.1 .1 .
Jlim_ 4 1og |8} e) | = lim_ log [sin(8)]| Dty (x) 7]

where 6, is the angle between Xy o i (z) and E, (). BY (2.3), we
H
obtain

1 . 1
i log [sm(@)l1 Dty () v*1] = Jim_ 3 los Dl (o)
=\ (H,z).
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We proceed analogously for N, . Il

Below we state the Oseledets theorem for the transversal linear Poincaré
flow.

Theorem 2.2. Let H € C*(M,R). For pu-a.e. x € M there exists the
upper Lyapunov exponent

o1
N (H, ) = Tim —log]| 8} (2)]] > 0

and x — XT(H,z) is measurable. For p-a.e. x with \*(H,z) > 0,
there is a splitting N, = N7 & N, which varies measurably with x
such that:

) A(H, z),  veNF\{0}
Jim 2 log @ (@) ol = § —AT(H,z), v e N7 \{0}
+AY(H,z), v¢g NFUN,

2.5. Hyperbolic structure. Let H € C?(M,R). Given any compact
and % -invariant set A C H!(e), we say that A is a hyperbolic set for
ot if there exist m € N and a Dyly-invariant splitting Ty H '(e) =
Et @& E~ @ F such that for all x € A we have:

o |[Dylf(x)|p-|| < 5 (uniform contraction),

o || D™ ()| g+ || < 5 (uniform expansion)

e and F includes the directions of the vector field and of the

gradient of H.

If A is a regular energy surface, then h |5 is said to be Anosov (for
simplicity, we often say that A is Anosov). Notice that there are no
minimal hyperbolic sets larger than energy level sets.

Similarly, we can define a hyperbolic structure for the transversal
linear Poincaré flow ®%,. We say that A is hyperbolic for @, on A if
®%|o is a hyperbolic vector bundle automorphism. The next lemma
relates the hyperbolicity for ®%; with the hyperbolicity for ¢t It is
an immediate consequence of a result by Doering [8] for the linear
Poincaré flow extended to our Hamiltonian setting and the transversal
linear Poincaré flow.

Lemma 2.3. Let A be an ply-invariant and compact set. Then A is
hyperbolic for oy iff A is hyperbolic for ®,.

We end this section with a well-known result about the measure of
hyperbolic sets for C? (or more general C'') dynamical systems, proved
by Bowen [7], Bochi-Viana [5] and Bessa [1] in several contexts. Here,
following [1], it is stated for Hamiltonian functions, meaning a higher
differentiability degree.

Lemma 2.4. Let H € C*(M,R) and a reqular energy surface €. If
A C & is hyperbolic, then pg(A) =0 or A =& (i.e. Anosov).
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2.6. Dominated splitting. We now study a weaker form of hyper-
bolicity.

Definition 2.5. Let A C M be an ¢ -invariant set and m € N. A
splitting of the bundle Ny = Ny @ Ny is an m-dominated splitting for
the transversal linear Poincaré flow if it is ®;-invariant and continuous

such that -
[KCOIA o
195 ()N~ 2
We shall call Ny = Ny @N} a dominated splitting if it is m-dominated
for some m € N.

r €A (2.5)

If A has a dominated splitting, then we may extend the splitting
to its closure, except to critical points. Moreover, the angle between
N~ and N'T is bounded away from zero on A. Due to our low di-
mensional assumption, the decomposition is unique. For more details
about dominated splitting see [6].

The above definition of dominated splitting is equivalent to the ex-
istence of C' > 0 and 0 < 0 < 1 so that

| ()N, | '

== - < CF, reAN, t>0. (2.6)

1% (@) NG
The proof of the next lemma hints to the fact that the 4-dimensional

setting is crucial in obtaining hyperbolicity from the dominated split-
ting structure.

Lemma 2.6. Let H € C?*(M,R) and a reqular energy surface €. If
A C & has a dominated splitting for ®%;, then A is hyperbolic.

Proof. Since £ is compact it is at a fixed distance away from critical

points, hence there is K > 1 such that
1
E_HXH(Z‘)“SK, xeé.

On the other hand, because Xy is volume-preserving on the 3-dimensional
submanifold &£, we get

sin(Y0) [| X ()| = sin(ye) [ X 0 @y ()] |95 (2) |y | ||<I>?1(x)|N;(|I~ )
2.7
Here v, is the angle between the subspaces N~ and N *_at ot (z),

which is bounded from below by some 5 > 0 for any z € A. We can
now rewrite (2.7) as

sin(yo) I Xu (@) [Pu(@)ln; |
sin(ye) [| X © @y (2) | 1|95 () |y |

19 () |y 1" =

9 Sl (70> t
s K@ Y

where we also have used (2.6). Thus we have uniform contraction on

N, .




GENERIC DYNAMICS OF 4-DIM HAMILTONIANS 9

The above procedure can be adapted for N/ to find uniform expan-
sion, hence A is hyperbolic for ®%,. Lemma 2.3 concludes the proof. [

Combining Lemmas 2.4 and 2.6 we get the following.

Proposition 2.7. Let H € C3(M,R) and a reqular energy surface &.
If A C & has a dominated splitting for ®t,  then ugs(A) = 0 or & is
Anosov.

In particular, there is a C?>-dense set of C2-Hamiltonians for which
the above holds.

Remark 2.8. It is an open problem to decide whether for every H €
C3(M,R) the following holds: an invariant set A containing critical
points of H and admitting a dominated splitting can only be of zero
measure or Anosouv.

3. PROOF OF THE MAIN THEOREMS

3.1. Integrated Lyapunov exponent. Let H € C?(M,R). We take
any measurable ¢! -invariant subset I" of M and we define the inte-
grated upper Lyapunov exponent over I' by

LE(H,T) = / A(H, z) du(z). (3.1)

r
The sequence

an(H) = / log [[©3 ()| dp(x)

is subaditive (ap4m < a, + a,,), hence lim # = inf @ That is,

1

LE(H,T') = inf — / log || @ ()| du(z). (3.2)
n>1n r

Since H — + [, log || @7 (2)||du(x) is continuous for each n, we conclude

that LE(-,T) is upper semicontinuous among C* Hamiltonians having

a common invariant set I'.

3.2. Decay of Lyapunov exponent. For a given Hamiltonian H €
C?*(M,R) and m € N, we define the open set

Fm(H) =M \ Dm(H)7

where D,,(H) is the invariant set with m-dominated splitting for ®%,.
This means that I',,(H) is the set of points absent of m-dominated
splitting. Furthermore, there exists m € N such that for all m’ > m we
have I',,,(H) C I',,(H). On the other hand, if H' = H on D,,,(H), then
I, (H') € T'yy(H). The equivalent relations for D,,(H) are immediate.

The next proposition is fundamental because it allows us to decay
the integrated Lyapunov exponent over a full measure subset of I',,,(H).
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Proposition 3.1. Let H € C**'(M,R) with s > 2 or s = oo, and
€,0 > 0. Then there exists m € N and H € C*(M,R), e-C*-close to
H, such that H=H on D,,(H) and

LE(H,T,,(H)) < 6. (3.3)

We assume that LE(H,T',,(H)) > 0, otherwise the claim holds triv-
ially. We postpone the proof of this proposition to section 5 and com-
plete the ones of our main results.

3.3. Proof of Theorem 1. Here we look at the product set
M =M x C*(M,R)

endowed with the standard product topology. Given a point p on the
manifold M, we denote by &,(H) the energy surface in H *(H(p))
passing through p. The subset

A={(p,H) € M: E,(H) is an Anosov regular energy surface}

is open by structural stability of Anosov systems. Moreover, for each
(p, H) € A there is a tubular neighbourhood of £,(H) in M, consisting
of regular energy surfaces supporting Anosov flows.

On the complement of the closure of A, denoted by

B=M\A,
there is a continuous positive function
n: B— RY
guaranteeing for (p, H) € B that V, y is a connected component of
{xeM:|H(z)—H(p)| <nlp, H)}

containing p and made entirely of non-Anosov energy surfaces.
Now, for each k € N write

1
Ay = {(p,H) € B: LE(H,V,n) < E}

This is an open set because the function in its definition is upper semi-
continuous.

Lemma 3.2. A, is dense in B.

Proof. Let (p, H') € B. We want to find an arbitrarly close pair (p, H)
in Aj. Notice that we will not need to approximate on the first com-
ponent, the point on the manifold, but only on the Hamiltonian.
Denote the set of C3® Morse functions on M by K. Since Morse
functions are C2?-dense and have a finite number of critical points, it is
sufficient to prove the claim by restricting to (M x K) N B. Moreover,
small perturbations of a Hamiltonian in K will have regular energy
surfaces through p. Therefore, we have a dense subset D C M x K in
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B such that £,(H) is regular for (p, H) € D and away from Anosov.
This means that in fact we only need to show the claim for D.

Let (p, ITI) € D, and € > 0 such that (p, H) € B for any H that is
e-C%close to H. Proposition 3.1 guarantees that for all § > 0 we can
find H € C*(M,R) which is e-C?-close to H and satisfies H = H on

~ ~

D, (H) (hence I',,(H) C T';,(H)) and

~

LE(H, T, (H)) < 6.

Notice that (I, (H) N Vpu) = p(Vp ) for all m € N. Otherwise, if
there was an energy surface £ C V, g and m € N such that pg(D,,,(H)N
&) > 0, by Proposition 2.7 it would be Anosov, thus contradicting that
(p,H) € B.

Therefore, since the upper Lyapunov exponent is non-negative,

LE(H,Vyn) = LE(H,I'n(H) N V1)
< LE(H,T,,(H)) < 6. (34)

The choice § = 1/k yields (p, H) € Ay O
From the above, AU Aj is open and dense. Finally,

A= (((AUA) =AU[) Ay

keN keN
:AU{(p,H)eB:/v A+(H,a:)du(x):o}

is residual. By [3] Proposition A.7, we can thus write

A=) my x {H},

HeR

where R is C%residual in C?*(M,R) and, for each H € R, My is a
residual subset of M, having the following property: if H € R and
p € My, then E,(H) is Anosov or

//)\+dugdH = 0.

The latter implies that d H-a.e. the Lyapunov exponents on each energy
surface £ in V are ug-a.e. equal to zero. Recall that we can split the
measure p into pg on the energy surfaces and dH corresponding to the
1-form transversal to £.

Therefore, for a C?-generic H, in a neighbourhood of a generic point
in M we have the above dichotomy, thus being valid everywhere in the
manifold. That completes the proof of Theorem 1.
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3.4. Proof of Theorem 2. It is enough to show that we can arbitrarly
C?-approximate any H € C*(M,R) by H' € C*(M,R) satisfying

LE(H',Z)=0

for some Z to be determined, without domination and whose mod 0-
complement is dominated. We use an inductive scheme built on (3.3)
and the fact that LE(-,I") is an upper semicontinuous function among
Hamiltonians having a common invariant set I', to define a convenient
sequence H, € C°°(M,R) with C*limit H'.

Choose a sequence €, < €2~" (to be further specified later) for some
€p > 0. By Proposition 3.1 we construct the sequence of Hamiltonians
H,, in the following way:

(1) H
(2) H and Hn 1 are €,-C?-close,
)

( H Hn 1 01 Dmn(Hn—l)a
(4) LE(H,0, Ty, (1)) < 277
That is, each term H,, of the sequence is the perturbation of the previ-
ous one H,_; as given by Proposition 3.1. Then, the C*-limit H’ exists
and is €,-C?%-close to any H,,.
For each n and an invariant set I' for H,,, because LE(-,I") is upper
semicontinuous, for any # > 0 we can find 7, > 0 such that

LE(H,,T) < (1+6) LE(H,,T)

as long as H, and H, are n,-C?-close and have the common invariant
set I'.
Impose now additionally that €, < n,. So, for any n,

LE(H',N;Ty,(H; 1)) < LE(H', T, (H, 1))
< (1+0)LE(H,, Ty, (H,—1))
< (146)27.

Therefore, LE(H', N;I';,,(H;-1)) = 0 and the Lyapunov exponents van-
ish on
Z = (T, (Hi-1) (mod 0).
ieN
Consider an increasing subsequence m,,, . The complementary set of
ﬂZanl (Hni—l) 18

D=|JDi, where D;= Dy, (Hn1).
ieN
By the inductive scheme above, D; C D;;; and H' = H,,, on D;. So,
H'’ has an m,, ,-dominated splitting on D,.

Finally, we would like to explain why, unfortunately, the strategy in
[4] to obtain residual instead of dense in the hypothesis of Theorem 2,
does not apply in our case. We start with a C? Hamiltonian which is a
continuity point of the upper semicontinuous function H — LE(H, M)
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(it is well-known that the set of points of continuity is residual) and
define the jump (see [4] p. 1467) by LE(H,'«(H)), where I'no(H) =
N (H). A continuity point means a zero jump, so that AT (H,z) =0
for a.e. x € T'wo(H) or else I'no(H) has zero measure. Now, in order
to estimate a lower bound for the jump, we will need to perturb the
original Hamiltonian H as done in section 4. But Theorem 4.1 becomes
useless if H is C?, because the conjugacy symplectomorphism will only
be C'. Finally, we should note that C?(M,R) equipped with the C?-
topology is not a Baire space, thus residual sets can be meaningless.

4. PERTURBING THE HAMILTONIAN

4.1. A symplectic straightening-out lemma. Here we present an
improved version of a lemma by Robinson [16] that provides us with
symplectic flowbox coordinates useful to perform local perturbations
to our original Hamiltonian.

Consider the canonical symplectic form on R?? given by wy as in
(2.1). The Hamiltonian vector field of any smooth H: R?* — R is then

XH:LZ ﬂVH,

where [ is the d x d identity matrix. Let the Hamiltonian function
Hy: R* — R be given by y — 441, so that
0

Xy, = —.
o oy
Theorem 4.1 (Symplectic flowbox coordinates). Let (M??,w) be a C*
symplectic manifold, a Hamiltonian H € C*(M,R), s > 2 or s = oo,
and x € M. If v € R(H), there exists a neighborhood U C M of x
and a local C*~-symplectomorphism g: (U,w) — (R*, wy) such that
H=Hyjog onU.

Proof. Fix e = H(z). Choose any C* function G: M — R such that
G(z) =0 and

w(Xy, Xe)(z) #0. (4.1)
This defines a transversal 3 to Xy at = in the following way. If U C M
is a small enough neighborhood of z in M (U will always be allowed
to remain as small as needed), then

Y=G10)nU

is a C” regular connected submanifold of dimension 2d — 1. Notice also
that (4.1) holds in U.

Locally there is a C* regular (2d — 2)-dimensional hypersurface of
H~'(e) where H and G are both constant: ¥, = ¥ N H~!(e). Notice
that for m € X,

T.% ={veT,M: dH(v)(m) =dG(v)(m) = 0}

= ker(tx,w(m)) Nker(tx,w(m)). (42)
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Since w(Xpy, X¢) # 0, we have Xg(m), Xg(m) € T,,%. and
TM = TS ® RX r(m) & RXg(m).

Now, consider the closed 2-form w, = wl|ys, defined on T3, x TY..
To show that (¥.,w.) is a C* symplectic manifold it is enough to
check that w,. is non-degenerate. So, suppose there is v € T,,%. such
that we(w,v) = 0 for any w € T,,,3.. As in addition w(Xg,v)(m) =
w(Xg,v)(m) =0, m € ., due to the fact that w is non-degenerate we
have to have v = 0. Thus, w, is non-degenerate. So, Darboux’s theo-
rem assures us the existence of a local diffeomorphism h: ¥, — R242
such that

d
h*w) = w. where w)= Z dy; N dyq;. (4.3)
i=2

F1GURE 1. The symplectic flowbox.

The next step is to extend the above symplectic coordinates from
Y. to U. For this purpose we use the parametrization by the flows !,
and ¢’ generated by Xy and Y := w(Xy, X¢) ' Xg, respectively. The
time reparametrization in the definition of Y is necessary to normalize
the pull-back of the form as it will become clear later.

The tranversality condition (4.1) is again used in solving the equation

Go go}}m) (m) =0, m € U, with respect to a function 7: U — R. That
7(m)

is, we want to find 7 and U such that ¢ "' (m) € 3 for each m € U.
By the implicit function theorem, since G o ¢©%(m) = 0 and

%G 0 Gy (m)li-o = dG(Xyr)(m) = w(Xe, Xpr)(m) # 0,
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there exists U and a unique 7 € C*71(U,R) as required. Moreover, ¢
preserves the level sets of G as LyG = w(X¢g,Y) =0, and

LyH = %H o ¢'(m) = w(Xpg,Y) o' (m) =1

Thus, H o ¢!(m) = H(m) +t and in particular H o ¢~ (m) = ¢
meaning that ¢~#™(m) € H='(e) for m € U.
So, we define the map g: U — R?? given by

g(m) = (=7(m), hyod ™™ o™ (), H(m), hyoot "™ o™ (m),
where h = (hy,hy) as in (4.3) and h;: ¥, — R?!. In particular,
Hyog= H. It remains to prove that g is a C*~!-symplectomorphism.
It follows that g is C*~! and it has a C*~! inverse g~1: g(U) — U
given by
97 (y) = ¢h 0 PP 0 hTH(G),
where ¥ = (y2, .+, Yd, Ya+2, - - -, Y24). In addition, for y € g(U),

9. X (y) = @i 0 ¢+~ 0 h™(7)

= Xy 0 ¢ 0 9" o h™(7) (4.4)
= Xpog '(y).
Hence, . Xy = Xpg,. Similarly, we can show that ¢.Y = 8y§+1 when

restricting to ..
Notice that on g(X.) we have g, ! ay = h'- for Jj & {l,d+1}.

Furthermore, taking in addition & ¢ {1,d + 1}

o 0 o 0
O ) ()
(9 )(ayg 3yk) (hw) y; Oyy o y; Oyp
=1.

: .
(a_ ) =LY

Since Dh~ 1 pis T, and H and G are constant on >,

o 0 ) )
1y (—,—)-w(X,Dhl >:dH(Dh1 ):o
g7 w) Oyr 0y; . dy; Y,

and analogously (g1 w) (E)yfﬂ, % > = 0. Therefore g~'"w has to be

the canonical 2-form, i.e. g*wg = w on ..

Now, we show that g*wy = w also holds on .. Using Cartan’s formula
for the Lie derivative £, = t,d + dt, with respect to a vector field v
and the identities df* = f*d and f*i,w = t;-1, f*w, then

Ly g wy = g*diojoy,,,wo = g*d*(—y1) = 0.

As we also have Lx,w = 0 and Lyw = 0, the forms ¢g*wy and w are

constant and coincide along the flow of Y passing through ., i.e. on
Y.
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In order to see that we can have g*wy = w on all of U, we compute
Lx,g wo = dixy wo = d(dHy) = 0.

Recall that Lx,w = 0. So, g*wy = w along the flow of Xy through ¥,
thus on all U. This concludes the proof that g is a symplectomorphism.
O

4.2. Hamiltonian local perturbation. In the next lemma we intro-

duce the main tool to perturb 2d = 4-dimensional Hamiltonians. We

will then be able to perturb the transversal linear Poincaré flow in or-

der to rotate its action by a small angle. As we shall see later, that is

all we need to interchange A" with A/~ using the lack of dominance.
For functions on R* consider the C*-norm, with k& > 0 integer,

% f(y)
I fller = sup max P T

)
y 0<lo|<k

where o = (01,...,04) € Nj with |o| = Y. 0;. Define the “tube”

Vawe ={(y1,y2, Y3, Y1) € R*: a < y1 < b, \/yg +yZ <, |ys| <c}.

Moreover, take the 2-dim plane g = {(0,%2,0,74) € R*} and the
orthogonal projection my: R* — 5. Notice that the transversal linear
Poincaré flow of Hy(y) = ys on X is given by ®% (12, y4) = mo.

In the following we fix a universal 0 < p < 1.

Lemma 4.2. Given 0 < v < 1 and € > 0, there exists ag > 0 such
that, for every 0 <r <1 and 0 < a < a, we can find H € C*(R*, R)
satisfying

o H = H outside V.,
|H — Hollc2 <,
DXy(y) =0 fory € {0, 0} x R* and
DL (0,90,0,v4) 1= (moD})(0, 42,0, y4) = Re on Xo with \/y2 + 13 <

rv, where

0 0 0 0

0 cosaa 0 —sina
0 0 0 0

0 sina 0 cosa

R, =

Proof. Consider the Hamiltonian flow % (y) = (y1 +t, 92,93, y4). We
want to e-C%-perturb Hy to get a Hamiltonian flow that rotates on the
(Y2, ya)-plane while the orbit is inside Vg ., for some fixed universal
constants 0 < & < & < p < 1. Outside the slightly larger tube V4, ,
we impose no perturbation.

In order to construct a C'*™ perturbation on those terms, we need to
consider three bump functions. It is possible to find C"*° maps /: R — R
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along the time direction and /: R — R on the ys-direction satisfying

_ )l yi €€ €] — 1, gl <
g(yl) B {07 W ¢ (07 Q)a E(yg) B {O, ’yg‘ > T,

ly > 0, [1 ¢ =1, the norms ||€]co, |¢]|co, |£"]|co, [[€]lco all bounded
from above by a constant (recall that £ & and p are seen as univer-
sal), [|0']lco < (1—+)r and [|[0"||co < [(— Similarly, get a C'° map
¢: RS — R for the plane (y»,y4) such that

P
0, p

T'l/ 2
[@llco < (rv)?, |6 llco < 3% and [[¢"[|oo < (25) "
Now, we construct the perturbed Hamlltoman

H(y) = Holy) — al(y) £(ys) $(p), (4.5)

where p = \/y2 + y3. Clearly, it is equal to Hy outside Vp,,. Hence,
fOI' ) € ‘/0,1,7'117

VH(y) = (—al'(y1)o(p), —ayl'(y1), 1, —ayal' (y1)) - (4.6)

So, on this domain, X5 generates the flow

oY) = (y1 +t, pos <9 +a /tf(yl + 8)d8> :
ys +ap(p) [l (y1 +1) — ()], (4.7)

psin<0+oz Uy, + s)d ))

where 6 = arctan(ys/y2). Notice that £p* = 0 so that p is ¢f;-
invariant. That is, on the (ys,y4)-plane the motion consists of a ro-
tation. Furthermore, by fixing y3 = 0, |y3(t)| < a|% HE( )| < rvif
a < 2(||€)|corv) . Now, if p < rv,

1(0,2,0,94) = (1, peos(d + @), 0, psin(6 + o))
and (WOD@}{)(()? Y2, 0, y4) v=Ryv, v € X
Finally, we need to estimate the C?-norm of the perturbation. From

(4.5) and (4.6) we get

|H — Hol|cr < arv(l —v)™, (4.8)
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where we are using the notation A < B to mean that there is a constant
C > 0 such that A < CB. The second order derivatives are

0*H u A
8_3/% = —al"(y)l(y3)p(p)
0*H ~
— El El
aylay?’ Q (yl) (y3)¢(p)
O*H Y2Ya > —
— _6 g Ui Y 1
i 2 (y1)l(ys) (¢"(p) — &' (p)p™")
aQH —1p 7 /
oy —ay;p~ (y1)l(ys)d' (p) (4.9)
82]{ _ € Z 7 2 92 / -1 2 -3
o7 = ° (y)l(ys) [¢" (P)yip 2 + &' (p)p~" — &' (p)yip~°]
J
O*H o / -1
a0y —al(y1)C' (y3)d' (p)y;p
0*H ~
oz = ol )o()
where j = 2,4. So, DXy =0if y; <0 or y; > o, and
|D*(H — Hp)|lco < a(l —v)2 (4.10)
Hence, there is ap < €(1 — v)? such that |H — Hyllcz < € for all
0<a < Q. O

Remark 4.3. It is not possible to find o as above if we require C3-
closeness. This can easily be seen in the proof by computing the third

order deriwatives. E.g. 8‘9—;[{ contains the term ol(y)(y3)ysp=3¢" (p)
2

that can not be controlled by a bound of smaller order than ar=!.

4.3. Realizing Hamiltonian systems. In this section we define the
central objects for the proof of Proposition 3.1, the achievable or real-
izable linear flows. These will be constructed by perturbations of ®%,.
We start with a point z € O(H) with lack of hyperbolic behavior and
mix the directions N, and N to cause the decay of the upper Lya-
punov exponent. In fact we are interested in “a lot” of points (related
to the Lebesgue measure on transversal sections). Therefore, we per-
turb the Hamiltonian to make sure that “many” points y near x have
P%, (y) close to @, (x). For this reason we must be very careful in our
procedure.

R(H) choose j such that x € U;, and take the 3-dimensional normal
section M, to the flow. In the sequel we abuse notation to write 91, for
h;j(M,.NUj), so that we work in R* instead of M. Furthermore, denote
by B(z,r) = {(u,v,w) € R*: Vu?+v? < r,|w| < r} the open ball
in 91, about x with small enough radius r. We estimate the distance
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between linear maps on tangent fibers at different base points by using
the atlas and translating the objects to the origin in R* That is,
| A7 — AS|| for linear flows Aj: T, M — Ty ()M, is given by

1

1Dhj,, (£ (21)) AL (Dhy, o (1)) ™" = Dhy, (9 (22)) Ay (Dhyjy o (22)) I,

where j;, is the indice of the chart corresponding to 4, (x;).
Consider the standard Poincaré map

Pi(x): U — Nyt ),

where U C 1, is chosen sufficiently small. Given 7" > 0, the self-
disjoint set

Fh(z,U) = {Ph()ye M:yeUtel0,T]},

is called a T'-length flowbox at x associated to the Hamiltonian H.

There is a natural way to define a measure i in the transversal
sections by considering the invariant volume form cx,w? We easily
obtain an estimate on the time evolution of the measure of transversal
sets: for v,t > 0 there is » > 0 such that for any measurable A C
B(z,r) we have

[A(A) - at) (Pl (2) A)| < v, (4.11)
where
X (0l ()l
[ Xu(z)|

Definition 4.4. Fiz a Hamiltonian H € C*T™Y(M,R), s > 2 or s = oo,
T,e > 0,0 <k <1 and a non-periodic point x € M (or with period
larger than T'). The flow L of symplectic linear maps:

Lt([L’)Z Noc — ./\/:pr(x), 0 S t S T,

is (e, k)-realizable of length T" at z if the following holds:
For~ > 0 there is r > 0 such that for any open set U C B(x,r) C N,
we can find
(1) K U with w(U\ K) < ku(U), and
(2) H € C5(M,R) e-C?-close to H, verifying
(a) H = H outside F5(z,U),
(b) DXu(y) = DX5(y) fory € UUPEL(z)U, and
(c) 25 (y) — LT (z)|| <~ forally € K.

at) =

Let us add a few words about this definition: (2a) and (2b) guarantee
that the support of the perturbation is restricted to the flowbox and
it C! “glues” to its complement; (2c) says that a large percentage of
points (given numerically by (1)) have the transversal linear Poincaré
flow of H (as in (2)) very close to the abstract linear action of the
central point x along the orbit. Notice that the realizability is with
respect to the C? topology.
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Remark 4.5. Using Vitali covering arquments we may replace any
open set U of Definition 4.4 by open balls. That turns out to be very
useful because the basic perturbation Lemma 4.2 works for balls.

It is an immediate consequence of the definition that the transversal
linear Poincaré flow of H is itself a realizable linear flow. In addition,
the concatenation of two realizable linear flows is still a realizable linear
flow as it is shown in the following lemma.

Lemma 4.6. Let H € C*"'(M,R), s > 2 or s = oo, and x € M
non-periodic. If Ly is (€, k1)-realizable of length Ty at x and Ly is
(€, ky)-realizable of length Ty at @ (x) so that k = k) + Ky < 1, then
the concatenated linear flow
‘ Ly(x), 0<t<T
L ( ) = t—T1 Ty T
Ly ey (@) Ly (z), T <t<Th+T

is (€, k)-realizable of length Ty + Ty at x.

Remark 4.7. Notice that concatenation of realizable flows worsens k.

Proof. For v > 0, take Tl,Tz,Kl,Kg,ﬁl,ﬁg the obvious variables in
the definition for L; and Ly. We want to find the corresponding ones
r, K, H for L satisfying the properties of realizable flows. Let x5 =

v ().
e First, choose r < ry such that
Uy =PI (x)U C B(xy,7s)
with U = B(z,r).
e Now, we construct H as
N Hy on Fi(z,U)
H={H, on Fi2 (w9, Us)
H  otherwise.
Notice that F t2 (x, U) = FLH (2, U) U FJ2 (29, Us).
e Consider K = K, NPy () (K, N Uy). Hence,
AU\ K) <a(U\ K1) + U\ Py (x) (K2 N Uy))
< (w1 + D AU) — a(Py" () (K2 N Us)).
Now, by (4.11) applied to A = Py () (K, N Us) we know that
APy (x) (Ko N Us)) > a(Th) fi( Ko N Us)
a(Ty) [p(Uz) — (U2 \ K3)]
> a(Th)(1 = ko) B(U2).
On the other hand, using (4.11) for A = U, u(Us) > o(Ty)'a(U).
Combining all the above estimates we get
U\ K) < (k1 + k) (U).
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e The choice of H yields that DXy = DXz on U because that
is true for H,. The same on 7)17;1+T2(£U) U related to H,.

e In order to check that H is C* it is enough to look at U,. That
follows from the same reason as the previous item.
e Finally, there is C' > 0 verifying for y € K and writing y, =

Py ()Y,
[T (y) — LT ()| <[ P2 () [@ 2 (y) — LT (2)]]
+ 105 (92) — L™ (22)IL7 ()]
<C~.
O

The next lemma is the basic mechanism to perform perturbations in
time length 1, for which we use Lemma 4.2 to realize the map &%, (z)oR,
(the rotation R, is defined in a canonical basis of N, by the matrix
given in Lemma 4.2). We will not be needing more than lenght 1 real-
izable flows, since we can concatenate them (keeping in mind Remark
4.7). Each lenght 1 piece contributes to rotations by the same angle «,
independently of z, as shown below.

Lemma 4.8. Let H € C*"'(M,R), s > 2 or s =00, € > 0 and 0 <
k < 1. Then, there ezists ag = a(H,€,k) > 0 such that for any non-
periodic point x € M (or with period larger than 1) and 0 < a < «p,
the linear flow @4 (x) o Ryt Ny — Nyt (o) is (€, k)-realizable of length
1 at z.

Proof. Let v > 0. We start by choosing r > 0 sufficiently small such
that:

e B(xz,r) is inside the neighbourhood given by Lemma 4.1. Notice
that by taking the transversal section 3 = B(x,r) in the proof
of the lemma, such neighbourhood can be extended along its
orbit to an open set A containing F}(x,7), where Ff(z,r) =
Ug<ier ¢ (B(z,7)). So, a C*-symplectomorphism g: A — R*
exists satisfying: g(B(z,r)) is an orthogonal section to Xp, at
g(x) = 0, H = Hyo g, and all norms of the derivatives are
bounded. Moreover, the derivatives of g and g~! are of order
r-close to the identity tangent map I on local coordinates;

e F},(x, B(z,r)) is not self-intersecting;

o F2(xz,r) C Fi(x,B(z,r)) (recall that 0 < o < 1 is a fixed
constant introduced before Lemma 4.2).

Let U = B(z',7") C B(z,r), € > 0and 0 < K < 1. Define g, =
g — g(z’) and U = g (U). For r small we find 71,75 > 0 such that
B(0,r1) C U C B(0,r5) and ro/r; = [(1 — R)~Y/3 4+ 1]/2 > 1. Setting
v =[1+(1-7")"Y%/2 < 1, Lemma 4.2 gives us that there is oy =
ag(H, €, k) > 0 such that for any 0 < a < ap and using the radius r;



22 M. BESSA AND J. LOPES DIAS

we have that ®%; (0) o R, is (€, &)-realizable of length-1 at the origin.
Take the obvious variables in the definition K C U and H such that
K = B(0,rv) with u(K) = w(riv)® and |H — Hpllc2 < € Then,
RR) 2 (1~ R(D), o

Define K = g(K) C U and H = H o gp. If € and kK are small
enough (depending on €, £ and the norms of the derivatives of g), we
get that Definition 4.4 (1) is satisfied and

|H — Hl|c2 = ||(H — Hy) 0 gor||c2 < €< €.

We use the same notation < as in the proof of Lemma 4.2. By con-
struction it is simple to check that Definition 4.4 (2a) and (2b) also
hold.

As discussed before, Lemma 4.1 determines the existence of a neigh-
borhood at each regular point of M and a C®-symplectomorphism
straightening the flow. By compacity of M the derivatives of the sym-
plectomorphism up to the order s are uniformly bounded on small
length 1 flowboxes. For this reason aq given above (depending on €
and k) was chosen to be independent of = € M.

It remains to check (c¢) in Definition 4.4. This will require further
restrictions on r, depending on . By definition, the time-1 transversal
linear Poincaré flow on N, C T,H *(H(y)) is

®3(y) = ) Dg™'(§) Do (9(y)) Do(y)
for y € K, and in x yields
Oy () 0 Ry = Ty oy Dg~ ' (Z) Dy(x) R,
where Z = ¢p o g(z) = (1,0,0,0) and 7 = gp}? o g(y) are of order
r-close. Notice that HHQP}I(y) — I, |l < rand
IDg™(3) — Dg~' (@)I| < -
Therefore, || (y) — @ (z) o Rol| < v+ |||, where
T =1L, yDg~ (Z) [Dey(9(y)) Dyg(y) — Dg(x) Ra] -
Moreover, ||Dg=(z) — I]| < r. So,
17| <+ Mgy, @) (Ra Dg(y) — Dy(x) Ra) ||

where we have also used |[T1 () — mol| < 7 and mo D} (0, y2, 0, 1) =
R,. Finally, since

R, Dg(y) — Dg(x) Ry = Ro(Dg(y) — I) + (I — Dg(x)) R,
we obtain the bound
[P% (y) — Py(x) o Rl < 7 <y
for r < v small enough. g
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Remark 4.9. A similar result holds true also for R, o ®%(x) using
essentially the same proof.

5. PROOF OF PROPOSITION 3.1

We present here a sketch of how to complete the proof of Proposi-
tion 3.1; see [1] for full details. We would like to highlight the fact that
our result does not hold for a C? Hamiltonian H, since the perturbed
one H has to be one degree of diferenciability less. The differentiability
loss comes from the symplectomorphism obtained in Theorem 4.1 that
rectifies the flow.

5.1. Local. The lemma below states that the absence of dominated
splitting is sufficient to interchange the two directions of non-zero Lya-
punov exponents along an orbit segment by the means of a realizable
flow.

Lemma 5.1. Let H € C*"Y(M,R), s > 2 or s = o0, ¢ > 0 and
0 < k < 1. There exists m € N, such that for every x € R(H) N O(H)
with a positive Lyapunov exponent and satisfying

12H @V S L

[P (@) N — 27
there ezists a (€, k)-realizable linear flow L of length m at x such that

L™(x) N = Ns;ﬁ(:c)‘

Proof. The proof is the same as for Lemma 3.15 of [1] in which the con-
structions of Lemma 4.8 are used, namely the concatenation of rotated
Poincaré linear maps. O

Now we aim at locally decaying the upper Lyapunov exponent.

Lemma 5.2. Let H € C*TY(M,R), s > 2 or s = oo, and €,0 > 0,
0 <k <1 ThereisT:T'y,(H) — R measurable, such that for p-a.e.
x €, (H) and t > T(x), we can find a (¢, k)-realizable linear flow L
at x with length t satisfying

1
~log | L' (@) < 0. (5.1)

Proof. We follow Lemma 3.18 of [1]. Notice that for y-a.e. x € I',,(H)
with A = AT(H,z) > 0 and due to the nice recurrence properties of
the function 7' (see Lemma 3.12 of [2]) we obtain for every (very large)
t > T(z) that
195 ()Nl
1% ()Nl
for y = @5 (x) with s = t/2.
Now, by Lemma 5.1 we obtain a (e, k)-realizable linear flow L} such
that Ly' Nyf = N ). We consider also the realizable linear flows

1
>
-2
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Ly Ny — Ny and Lyt Nyme,) — Nyt () given by @ for 0 <t <'s
and t > m, respectively. Then we use Lemma 4.6 and concatenate
Ly — Ly — L3 as L', which is a (e, )-realizable linear flow at = with
length .
The choice of t > m and the exchange of the directions will cause a
decay on the norm of L'. Roughly that is:
At/2
Iat/2

e in N\ the action of L; is approximately e

e in N;m(y) the action of L is approximately e
H

e [, exchange these two rates.

Therefore, ||L!(x)|| < €. O

and

5.2. Global. Notice that, in Lemma 5.2, we obtained ||L!(z)|| < .
However, we still need to get an upper estimate of the upper Lya-
punov exponent. Due to (3.2) this can be done without taking limits,
say in finite time computations. In other words, we will be using the
inequality

+(H ! og ||PL (x x
e < [ Coslag @l (62

which is true for all ¢ € R. Therefore, ¢ is larger than the upper
Lyapunov exponent of at least most of the points near x.

To prove Proposition 3.1 we turn Lemma 5.2 global. This is done by
a recurrence argument based in the Kakutani towers techniques entirely
described in [1] section 3.6. In broad terms the construction goes as
follows:

e Take a very large m € N from Lemma 5.1. Then Lemma 5.2
gives us a measurable function 7": I',,,(H) — R depending on &
and §. Let 6% = k.

e For x; € I',,(H), the realizability of the flow L(z;) guarantees
that we have a t-length flowbox at x; (a tower 77) associated
to the perturbed Hamiltonian H,. If we take a point in the
measurable set K (cf. (1) of Definition 4.4) contained in the
base of the tower, then by (2¢) of Definition 4.4 and Lemma 5.2,
we have [|[® (y)|| < e®t for all y € K.

e Now, for zy,...,x; € I',,(H), where j € N is large enough, we
define self-disjoint towers 7;, i = 1,..., 7, which (almost) cover
the set I';,(H) in the measure theoretical sense. We take these
towers such that their heights are approximately the same, say
h.

e The C* Hamiltonian H is defined by glueing together all per-
turbations H;, i =1, ..., J.

e Consider 7 = U;7;, U = U;U; and K = U;K;. Clearly K C U.
Note that for points in U \ K we may not have ||<I>%h()|| < e,
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e Denote by 75 the subtowers of 7 with base K instead of U.
By (1) of Definition 4.4 we obtain that (U \ K) < xu(U),
hence u(7 \ 7T5%) < u(7T) < &%

We claim that it is sufficient to take ¢ = hd~! in (5.2). It follows
from (5.1) that we only control the iterates that enter the base of 7X.
Since the height of each tower is approximately A the orbits leave 75
at most 6! times. For each of those times the chance of not re-entering
again is less than §2. So, the probability of leaving 7% along t iterates
is less than 0. In conclusion, most of the points in I',,,(H) satisfy the
inequality (5.1) and Proposition 3.1 is proved.
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