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ABSTRACT. The disadvantage of ‘traditional’ multidimensional continued fraction al-
gorithms is that it is not known whether they provide simultaneous rational approxi-
mations for generic vectors. Following ideas of Dani, Lagarias and Kleinbock-Margulis
we describe a simple algorithm based on the dynamics of flows on the homogeneous
space SL(d,Z)\ SL(d,R) (the space of lattices of covolume one) that indeed yields best
possible approximations to any irrational vector. The algorithm is ideally suited for a
number of dynamical applications that involve small divisor problems. As an example,
we explicitly construct a renormalization scheme for the linearization of vector fields
on tori of arbitrary dimension.

1. INTRODUCTION

The aims of this paper are two-fold. The first objective is to introduce a new multi-
dimensional continued fraction algorithm that is ideally suited for different dynamical
applications. The algorithm can be used in order to effectively deal with small divisors
whenever quasi-periodicity with several frequencies is an essential feature of a problem.
Our second goal is to demonstrate the strength of the algorithm by developing a renor-
malization approach to KAM theory. The method, being conceptually very simple,
is also very general, and allows us to consider a wide class of frequency vectors. For
reasons of clarity we restrict our attention to vectors satisfying an explicit Diophantine
condition (valid for a set of vectors of full Lebesgue measure); the extension to more
general frequency vectors follows straightforwardly from the approach presented here,
and will be detailed in a separate publication.

1.1. Continued fractions. The classical continued fraction algorithm produces, for
every irrational a € R, a sequence of rational numbers p,, /¢, that approximate « up to
an error of order 1/¢>. The first objective of this paper is to develop a multidimensional
analogue that allows us to approximate any irrational o« € R%~! by rational vectors.
The theory of multidimensional continued fractions has a long history going back to
Jacobi and Perron (see [30] for extensive reference). The “traditional” m.c.f. algorithms
(Jacobi-Perron algorithm etc) have many beautiful ergodic properties. Unfortunately,
the quality of approximations provided by them is very difficult to control. In fact, it
is not even known whether those algorithms give simultaneous rational approximations
for Lebesgue almost all a. In the case d > 4 the only result in this direction is a recent
computer-assisted proof of the almost everywhere strong convergence for ordered Jacobi-
Perron algorithm [11, 12]. However, even in this case an explicit description of the set of
bad vectors seems difficult. For example, the existence of ‘noble’ vectors, that is vectors
corresponding to a periodic continued-fraction expansion, for which approximations do
not converge, is rather unsatisfactory. For these reasons, there has been only very limited
success in the application of traditional multidimensional algorithms in renormalization
schemes, in particular those involving typical frequency vectors.
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The algorithm we employ here does not suffer from such pathologies. Following
Lagarias’ seminal ideas in [21], our approach is based on the dynamics of the geodesic!
flow on the homogeneous space I'\G with G = SL(d,R) and I" = SL(d, Z). Notice that
I'\G may be identified with the space of lattices in R? of covolume one or, equivalently,
with the Teichmiiller space of flat d-dimensional tori. Lagarias algorithm is, to the
best of our knowledge, the first that provides a strongly convergent multidimensional
continued fraction expansion for all vectors. The main advantage of our algorithm
is that in addition it allows for effective hyperbolicity estimates which are crucial in
dynamical renormalizations.

The problem of multidimensional continued fractions may be formulated in the fol-
lowing way. Given a vector a € R find a sequence of matrices 7™ € GL(d,Z),
n € N, such that the ‘cocycle’ corresponding to the products P = 7™ M®=1) 71
exponentially contracts in the direction of the vector w = (§) € R? and exponentially
expands in all other directions. Thus, the cocycle should have one negative Lyapunov
exponent and d — 1 positive. In this spirit, our algorithm comprises the following steps:?

(1) With every e € R4! associate the orbit {C(¢) : t > 0} C SL(d,R), where
g1 a) (lge7t 0
co=("5 ) (M ), (L)

141 denotes the (d — 1) x (d — 1) unit matrix.
(2) Fix a Siegel set S.> Given a sequence of times t; < t, < ... — 00, use classical
reduction theory to find matrices P € SL(d,Z) that map the points C(t,) to
S.
(3) Define the nth continued fraction map by
(n) (n—1) (n)
a1 g = Tty (1.2)
a4 1

where a® = o and

oo _ [T 85 c gz 13
=\ 5 Lo | €SL(d.Z) (1.3)
t21 t22

is the nth transfer matrix defined by P = 7 p(r-1),

Note that the choice of matrices P™ is not unique, and thus different choices will lead to
different algorithms. Uniqueness is guaranteed if one imposes the additional requirement
that P (C(t,) belongs to a fundamental domain F, as in Lagarias’ algorithm. However,
in this case, due to a very complicated geometry of fundamental domains, it is difficult to
control hyperbolic properties of the matrices 7. On the other hand, the use of Siegel
sets allows us to relate these hyperbolic properties with the Diophantine properties of
vector a. Another important difference with the Lagarias algorithm is connected with a
choice of times t,,. Lagarias requires a specific choice of t,, that correspond to the times
the geodesic exits the fundamental domains. On the contrary, our algorithm, selects the
t, according to the diophantine properties of a: the better approximable by rationals
a is, the faster the ¢, have to increase with n in order to ensure the hyperbolicity of

IThe term ‘geodesic’ is slightly inaccurate when d > 2. The orbits of the flow on I'\G we are
discussing here correspond in fact to geodesics on the unit cotangent bundle of the space I'\G/ SO(d)
for a certain family of initial conditions. Only for d = 2 the cotangent bundle can be identified with
MNG.

2The fact that we restrict our attention here to SL(d,Z) is not essential; the algorithm can readily
be extended to allow for approximation by elements from GL(d,Z).

3A Siegel set has the property that (a) it contains a fundamental domain F of SL(d, Z) in SL(d,R),
and (b) it is contained in a finite number of translates PF, P € SL(d,Z).
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the transfer matrices. Only in the special case of badly approximable « the times ¢,
can be chosen to have bounded gaps t,, — t,,_1.

Notice that in dimension d = 2 Lagarias’ algorithm, and thus also our algorithm, do
not reduce to the classical continued fraction dynamics, see [10] for details. However, a
subsequence of exit times, called Hermite critical times, gives an accelerated version of
the standard continued fractions [21].

Since the action of SL(d,R) on R¢"! by fractional linear transformation defines a
group action, we have

(n) _ Pﬂl)a +PY2L)

o\ = 1.4
ERewn) Y
where
) ) . pn p(n)
pr) == = | T PR e SL(d, Z). (1.5)
Dy Pao

1.2. Renormalization. Dani [5] and Kleinbock-Margulis [17] observed that Diophan-
tine properties of «x translate to divergence properties of the corresponding orbit {T'C(¢) :
t > 0} C I'\G in the cusps of I'\G. We exploit these results to show that, under mild
Diophantine conditions on « (satisfied by a set of a of full Lebesgue measure, cf. Sec.
2.6), there is a sequence of times ¢, such that the transfer matrices 7™ are uniformly
hyperbolic in a sense made precise in Sec. 2.8. This fact allows us to develop renor-
malization schemes for vector fields and Hamiltonian flows that had previously been
constructed only in dimension one [23] or for very special choices of e [1, 18, 19, 22]. In
this paper we focus on the case of vector fields, where, as in the traditional approaches
(cf. [28]), the proofs are technically slightly simpler than in the case of Hamiltonian
flows. Full details of the latter are given in [15].
We say w € R? is Diophantine if there are constants € > 0, C' > 0 such that

k|| D)k w] > C, (1.6)

for all k € Z? — {0}. Note that we may assume without loss of generality that w is
of the form w = (§) with a € R?!. Condition (1.6) then translates to a standard
Diophantine condition on e, see Sec. (2.6) for details.

Theorem 1.1. For any real analytic vector field v on T?, d > 2, sufficiently close to a
constant vector field with Diophantine vector w € RY, there is b > 0, an analytic curve
p:(=b,b) = RY s+ p°, and an analytic conjugacy h isotopic to the identity between
the flow generated by v + p* and the linear flow ¢y(x) = ¢ + t(1 + s)w on T9, t > 0,
for each |s| < b. Moreover, the maps v — h and v — p are analytic.

Let us emphasize that the result holds for all analytic vector fields close to a constant
one without any additional conditions, such as preservation of volume etc.

The main strategy of the proof of the above theorem is as follows. Consider a vector
field X(x,y) = w + f(x) + y where * € T and y € R? is an auxiliary parameter.
The vector field f(x) is a sufficiently small analytic perturbation of a constant vector
field. We may furthermore assume that w = () for some Diophantine ac € R?~1; this
achieved by a rescaling of time. The aim is to find a value of parameter y = y,_, such
that the vector field X (x,y,,) is linearizable to a constant vector field identically equal
to w by means of an analytic transformation of the coordinates on T¢.

Renormalization is an iterative process, and we thus assume that after the (n — 1)th
renormalization step the vector field is of the slightly more general form

Xpa(zy) =" D+ foi(z,y) (1.7)
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where w1 = (&™) and a1V is given by the continued fraction algorithm, cf.
(1.4). The Fourier modes of f,,_; are smaller than in the previous step, and decay
exponentially as ||k|| — +00. We define a cone of resonant modes by a relation I,] | =
{keZ |k-w" Y| <o, |k|}. The nth step requires the following operations.

(1) Eliminate all Fourier modes outside of the resonant cone I,/_;.

(2) Apply a linear operator corresponding to a coordinate transformation given by
the inverse transfer matrix 7" .

(3) Rescale time to ensure that the frequency vector is of the form w(™ = (a{").

The conjugate action on the Fourier modes is given by k — 7 . Tt follows from
the hyperbolicity of 7™ that this transformation contracts for k € I | if 0,,_ is small
enough. This gives a significant improvement of the analyticity domain which results
in the decrease of the estimates for the corresponding Fourier modes. As a result,
all Fourier modes apart from the zero modes get smaller. To decrease the size of the
latter, we choose a parameter y = y,, in such a way that the corresponding zero modes
vanish, and then consider a neighbourhood of y-values centred at y,. That is, the
auxiliary parameter y is used to eliminate an instability in the direction of constant
vector fields. To get enough control on the parameter dependence we perform an affine
rescaling of this parameter on every renormalization step. One can then show that the
corresponding sequence of parameter domains is nested and converges to a single point
y = y,, for which the initial vector field is indeed linearizable.

In order for the scheme to be effective, the sequence of stopping times t, and the
sizes of the resonant cones defined by the sequence of ¢, must be chosen properly.
Large intervals dt,, = t, — t,_1 improve hyperbolicity but, on the other hand, worsen
estimates for the norms ||[7™||, ||T (”)_1H. Similarly, if o, is too small the elimination
of non-resonant modes will give large contributions; on the other hand, for large values
of o, the multiplication by T+ will not vield a contraction for k € I7. As we
shall show below a right choice of sequences {(t,,0,)} can be made, depending on the
Diophantine properties of the vector w.

The mechanism of convergence of renormalizations is well undersood by now. The
main framework was developed in [18] for special frequency vectors. Our proof of
convergence of the renormalizations follows the same basic steps. However, there are
several essential differences. The most important one is related to our choice of a
sequence t,, which we discussed above. In fact, the use of long intervals d6t, =t, — ¢,
simplifies the estimates and makes the proof more transparent. Another important
point is connected with the construction of the analytic conjugacy h. That is built
as h = lim h,, where h,, is the composition of P with the coordinate transfomations
used in all renormalization steps up to the nth one. The domain of analyticity for
each h,, is a complex strip around R? with width p,||P™]|~!, where p, is the width of
analyticity strip for the vector fields at the corresponding step. In d = 2, using standard
continued fractions, the ratio p,||P™||~! is bounded from below ([24]). However, in the
multidimensional case, since we do not have such a bound, we have to consider shrinking
domains. As a result, the conjugacy h is only C' on R?. To recover analyticity, we use
the analytic dependence of the conjugacy on the initial vector field (Theorem 3.19).

The above arguments are adapted in [15] to the case of Hamiltonian flows, which is
technically slightly more challenging. Let B C R?, d > 2, be an open set containing the
origin, and let H® be a real-analytic Hamiltonian function

1
H'(z,y) =w~y+§TyQy, (z,y) € T x B, (1.8)
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with w € R? and a real symmetric d x d matrix Q. It is said to be non-degenerate if

det @ # 0.

Theorem 1.2. Suppose H® is non-degenerate and w is Diophantine. If H is a real
analytic Hamiltonian on T? x B sufficiently close to H°, then the Hamiltonian flow of
H leaves invariant a Lagrangian d-dimensional torus where it is analytically conjugated
to the linear flow ¢y(x) = = +tw on T, t > 0. The conjugacy depends analytically on
H.

1.3. A brief review. The idea of renormalization was introduced to the theory of
dynamical systems by Feigenbaum [6] in the late 1970’s. In the case of Hamiltonian
systems with two degrees of freedom MacKay proposed in the early 1980’s a renor-
malization scheme for the construction of KAM invariant tori [25]. The scheme was
realized for the construction of invariant curves for two-dimensional conservative maps
of the cylinder. An important feature of MacKay’s approach is the analysis of both
smooth KAM invariant curves and so-called critical curves corresponding to critical
values of a parameter above which invariant curves no longer exist. From the point
of view of renormalization theory the KAM curves correspond to a trivial linear fixed
point for the renormalization transformations, while critical curves give rise to very
complicated fixed points with nontrivial critical behavior. MacKay’s renormalization
scheme was carried out only for a small class of Diophantine rotation numbers with
periodic continued fraction expansion (such as the golden mean). Khanin and Sinai
studied a different renormalization scheme for general Diophantine rotation numbers
[16]. Both of the above early approaches were based on renormalization for maps or
their generating functions. Essentially, the renormalization transformations are defined
in the space of pairs of mappings which, being iterates of the same map, commute with
each other. These commutativity conditions cause difficult technical problems, and led
MacKay [26] to propose the development of alternative renormalization schemes act-
ing directly on vector fields. The same idea was realized by Koch [18] who proves a
KAM type result for analytic perturbations of linear Hamiltonians H’(z,y) = w -y, for
frequencies w which are eigenvectors of hyperbolic matrices in SL(d, Z) with only one
unstable direction. Notice that the set of such frequencies has zero Lebesgue measure
and in the case d = 2 corresponds to vectors with a quadratic irrational slope. Further
improvements and applications of Koch’s techniques appeared in [1, 19, 22, 23, 7], em-
phasizing the connection between KAM and renormalization theories. The results of
this paper illustrate that such a programme can indeed be carried out in considerable
generality. Another direction was followed in [20], presenting a computer-assisted proof
of the existence of MacKay’s golden mean critical renormalization fixed point in the
context of Hamiltonian vector fields with two degrees of freedom.

Other renormalization ideas have appeared in the context of the stability of invariant
tori for nearly integrable Hamiltonian systems inspired by quantum field theory and an
analogy with KAM theory (see e.g. [3], and [8, 9] where it is used a graph representation
of the invariant tori in terms of Feynman diagrams).

Since the main focus of the paper is related to typical frequency vectors, we do not
present here concrete examples of the work of the m.c.f. algorithm. Such examples
are easy to construct only in the case of badly approximable a For the sake of trans-
parency we have restricted our attention to Diophantine vectors w, which form a set
of full Lebesgue measure and are thus ‘typical.” A more detailed analysis under weaker
Diophantine conditions is, in principle, possible within the present framework. It is
however a fundamental open problem to state a sharp (i.e. the weakest possible) Dio-
phantine condition under which the above conjugacy can be established. The answer
to this question is known only in the case d = 2, namely in the discrete-time situation
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for the Siegel problem [31] and for circle diffeormophisms [32], where the Diophantine
condition is of Brjuno type.

It would also be interesting to see whether the multidimensional continued fraction
algorithm presented here will allow generalizations of other one-dimensional renormal-
ization constructions. A concrete challenge is for instance the extension of the recent
results on the reducibility of cocycles over irrational rotations by Avila and Krikorian

[2].

In the next section we introduce the multidimensional continued fraction algorithm,
and include a discussion of its hyperbolicity properties required in the renormalization
schemes. Section 3 provides a detailed account of one exemplary case, the renormaliza-
tion of vector fields.

2. MULTIDIMENSIONAL CONTINUED FRACTIONS AND FLOWS ON HOMOGENEOUS
SPACES

2.1. Flows on homogeneous spaces. Let us set G = SL(d,R) and I' = SL(d, Z), and
define the diagonal subgroup {E" : t € R} in G, where

E' = diag(e™,. .. e"") (2.1)
with constants satisfying the conditions

d
Tiye. o, Tg1 < 0 <y, er:(). (2.2)

j=1
The right action of E* on the homogeneous space I'\GT'\G generates the flow
o' T\G — I'\G, I'M+— TME". (2.3)

Since G is a simple Lie group with finite center, ®* is ergodic and mixing [27].
Let F C G be a fundamental domain of the left action of I' on G. Recall that, by
definition of the fundamental domain of a free group action,

JPF=G, FnPF=gforallPel —{1}, (2.4)

pPerl

and hence, for any given M € G, there is a unique family of P(t) € I such that
M(t) .= P#)ME" € F (2.5)
holds for all ¢ € R.

2.2. A convenient parametrization. Let us consider those M € G which can be

written as
A
M = ((1) ‘f) (Tﬂ 3) (2.6)

where A € Maty_;(R) (the space of real (d — 1) x (d — 1) matrices), o, 3 € R?"! are
column vectors, v € R with v > 0. This yields a local parametrization of G for the set

1 A 0 _
G+ = {(O ?) (T,B 7) ceG: Ac Matd_l(]R), a,BGRd 1, 7 €R>0}7 (27)

which is particularly convenient for our purposes. All other matrices are either of the
above form with v < 0 instead, or may be written as

w=s(9) (5 )

where S € T is a suitably chosen “signed permutation matrix”, i.e., every row and every
column contains one and only one non-zero coefficient, which is either 1 or —1. In the
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following we will stay clear of the parameter singularity at v = 0, and thus may assume
without loss of generality S = 1.
To work out the action of a general element 7' € G in the above parametrization,
consider
T:Mw— M:=TM (2.9)

T = TT” bz ) | (2.10)
tyr too

(939

A short calculation yields the fractional linear action

where

M 1is as above and

T t
o— & = L—i‘m’ (2.12)
Tt21a + t22
and
v = (o + b)Y, (2.13)

and more complicated expressions for A, 3 which will not be needed in the following.

2.3. Multidimensional continued fractions. Let tg = 0 < t; < t3 < ... — 00 be
sequence of times, with gaps
5tn = tn — tn—l (214)

chosen large enough so that P(t,) # P(t,—1), where P(t) is defined by (2.5). The se-
quence P™ := P(t,) of matrices in I' may be viewed as the continued fraction approxi-
mants of the vector e, which are the best possible for suitable choices of a fundamental
domain F and times t,, see [21]. Let us furthermore put M™ := M(t,) with M(t) as
in (2.5), and define a™, 4™ by the decomposition (2.6), i.e., by

1 o™\ [ A®  Q
(n) _

From M™ = PMWME™ and (2.12), (2.13) we deduce

(n) _ Pia +ply

iy e+l 210
and
v = ("pi e+ piy)) erin 4 (2.17)
where
P™ = (f 1(51)) p(gg)) ) . (2.18)
D21 P2

It is evident that if the components of ( ', 1) are linearly independent over Q, then
v # 0 implies 7™ £ 0 for all n > 0.

We shall later employ the transfer matrices 7 defined by P = 70 p(»=1) Here,
M® =170 (=1 pitn implies

(n — 12 (2 19)
(87 , .
Ttgib)a(n—l) +t$)

and
V= (Tl g et 400, (2:20)
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w_ (Tt
t21 t22

where

2.4. Siegel sets. In dimensions d > 2 it is difficult to describe the geometry of a fun-
damental domain F. To overcome this problem, C. Siegel introduced simply connected
sets S; C G which have the property that they contain F and are contained in a finite
number of translates PF, P € I". Consider the Iwasawa decomposition

M = nak (2.22)

where
1 U2 ... U1d aq

n= o, a= h (2.23)
e Udo1d -
1 aq

and k € SO(d), with u;;,a; € R, a; >0, ay---aq = 1. Then

Sa=A{nak: neFy, a; > gaﬁl >0(j=1,...,d—1), k€ SO(d)} (2.24)

is an example of a Siegel set [29]; here Fx denotes a compact fundamental region of
(N N)\V, where N is the upper triangular group of elements of the form n as above.

2.5. Dani’s correspondence. We assume from now on that ri,...,7q1 = —1, ry =
d—1,ie.,

E' = diag(e™,..., e eld 1), (2.25)
Let us denote by | - | the maximum norm in R"!. A vector e € R?! is called badly

approzimable or of bounded type, if one of the following equivalent conditions is satisfied.
(i) There exists a constant C > 0 such that

koo + m | k| > C (2.26)

for allm € 2371, k € Z — {0}.
(ii) There exists a constant C > 0 such that

m|m - a+ k| >C (2.27)

for allm € 7%~ — {0}, k € Z.
The statements (i) and (ii) are equivalent in view of Khintchine’s transference prin-
ciple ([4] Chapter V).

We recall Dani’s correspondence in the following proposition (cf. [5], Theorem 2.20).

Proposition 2.1. The orbit {TME" :t > 0}, with M as in (2.6), is bounded in T\G if
and only if the vector o is of bounded type.

The reason why the parameters A, (3, are irrelevant in the statement is that the
family of matrices

A O
W(t)=FE" E* 2.28
0-5(7 %) 2.29
is bounded in G for all t > 0.

The boundedness of the orbit {TME" : ¢ > 0} implies of course that there is a

compact set C € G such that M(t) € C for all £ > 0, with M(¢) as in (2.5).
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2.6. Diophantine conditions. A vector a € R%! is called Diophantine, if there exist
constants € > 0, C' > 0 such that

im |4V o + | > C (2.29)

for all m € Z41 — {0}, k € Z. Tt is well known that Diophantine vectors form a set of
full Lebesgue measure [4].
Let us show that (2.29) implies the inequality

k|| DIk w] > C, (2.30)
for all k € Z¢ — {0}, where w = (¢), cf. (1.6). With k = ("), (2.29) yields
|k§ . w| > C|m|—(d—1)(l+e) > C’k|—(d—1)(1+e) > Cr“kH—(d—l)(l-i-e) (231)

for all m € Z%* — {0}, k € Z. In the case when m = 0, we have k # 0 (since k # 0)
and thus (2.30) holds trivially.* Note also that (2.30) evidently implies (2.29), however
with different choices for C' in both inequalities.
Following [17] we define the following function on G,
S(M)= inf |"EM]|. (2.32)
kezi—{0}
It is easily checked that (M) is invariant under left action of I'; and may thus be viewed
as a function on I'\G. In terms of the Iwasawa parametrization (2.22) and the Siegel
set Sy defined in (2.24) we have the following estimate.

Lemma 2.2. For M = nak € §; as in (2.22), (2.24), there are constants 0 < C; < Cy
such that for all 0 < aq <1
Clad S 5(M) S Cgad. (233)

Proof. Since |z|| < |z| < ||z| for all z € RY, we may prove the statement of the
lemma for the function
ba(M)= inf | kM 2.34
A0 = it || (2.3)

instead.® Due to the rotational invariance of the Euclidean distance we may assume
that k& € SO(d) is the identity.

Proof by induction. The statement trivially holds for d = 1. Therefore let us assume
the assertion is true for dimension d — 1. The jth coefficient of the vector 'kM is

7j—1
(TkM)j = (k?] +Zkl uij>aj. (235)
i=1

Since a; — oo when a4y — 0, this implies that when taking the infimum in (2.32) we
must take k1 = 0 for all sufficiently small ay. Thus we now need to estimate

7j—1 7j—1

; . R D e VA C ) : . e\ a

l?:eZdl{llf—{O} 221%}{6[ (/{:] + ZZI k; u”>a3 aq l%eZUEllf—{o} Qr%aé}% <k:j + ZZI k; Uzy) a;
(2.36)

where Tk = (ks, ... kq), @; = ai/““Va; so that dy -+ g = 1. Now
j—1

inf : i )| =1 8go1 (M) = 641 (M 2.

icezdl?l—{o} max, (kj +Zkl uu>aj dag—1(M) =< 64-1(M) (2.37)

=1

“Note that every admissible constant in (2.29) needs to satisfy C' < 1/2; to see this, choose m =
(1,0,...,0), and k € Z such that |a; + k| < 1/2.

®In the following, A < B means ‘there is a constant C' > 0 such that A < CB’. If A < B < A we
will also use the notation A < B.
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where M = #a with

1 Ug23 ... U24d as

(2.38)

N
I
Q
I

Ud—1,d
1 aq

It is easily checked that M € S;_1, so by the induction hypothesis, for suitable constants
0< Cl,d—l < OQ,d—la we have

Choa-1 Gg < 0q—1(M) < Co gy ag, (2.39)
provided ay = ai/(d_l)ad < 1. So for a4 sufficiently small and ai/(d_l)ad < 1, we have
Cl,d—l Qg S Sd(M) S CQ,d—l Qq. (240)

In the remaining case aq > 1, all a; are bounded from above and below by positive
constants, and hence §4_1(M) is bounded from above and below by positive constants.

1/(d-1)

Furthermore a; > 1 implies a; < ag4, and, in view of our choice of the Siegel set,

al_1 =Qg- Qg > ag_l. So

ag < a; Y < ay (2.41)
and the required bound follows from (2.36) also for the case a4 > 1. O
Lemma 2.3. Choose M as in (2.6) and suppose o satisfies condition (2.29). Then
there exists a constant C' > 0 such that for all t >0

S(ME") > C'e™ (2.42)
where ( )
—1)e
— -1 A De (2.43)

Proof. Let us put 'k = ('m, k) with m € Z4~! and k € Z. Then
5 MEt — inf T —t7 T + k (d—1)t W(t
(MEY = nt|(Tme (Tmat B W)

> inf |("Tme™, ("ma + k)e DY (2.44)
(ch)EZd—{O}

since W(t), as defined in (2.28), is bounded in G for all ¢ > 0. Furthermore for ¢
sufficiently large

inf|(me, ("mack k@) = it ((Tme (Tmat K)el DY)
(m.k)ezi—{0} meZd-1—{0}, keZ
(2.45)

which, in view of the Diophantine condition (2.29), is bounded from below by

> inf |(Tme—t’ C|m|—(d—1)(1+s)e(d—1)t)| _ e—9t inf ‘( ij C|$|_(d_1)(1+6))|
meZ4i-1-{0} meZi-1-{0}
(2.46)

0—-1

where = e’ Y¥m. We conclude the proof by noting that

inf T, C —(d—1)(1+¢) > inf T, C —(d—1)(1+¢) > 0. 2.47
mez}i{ll—{o}u z,C|z| )| _yeRt}g—{o}'( y,Clyl ) ( )

O

The fact that e = 0 implies ¢ = 0 is consistent with Dani’s correspondence. On the
other hand, # < 1 for any € < co.
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2.7. Norm estimates. Let || - || denote the usual matrix norm
| M|
M| = SUp T (2.48)
lef|

Proposition 2.4. Choose M = M as in (2.6), and suppose a satisfies condition
(2.29). Then there are constants ¢y, cs,cs,Cy, 5, ¢6 > 0 such that for alln € NU {0}

MO < ey expl(d— 108, (2.49)
1M < cpexp(6t), (2.50)
|P™| < eczexp[(df+1—0)t,], (2.51)
| ™) || < eqexpl(d — 1+ 0)t,), (2.52)
IT™| < esexp[(1 —0)6t, +dbt,], (2.53)
ITO7Y < cgexpl(d = 1)(1 = 0)6t, +dft). (2.54)
Proof. For any M € S; as in (2.22) we have, for all 0 < aq <1,
IM]| < a1 = (ag---aq) "t < a7V, (2.55)
and
MY < ayt. (2.56)
Combine this with Lemmas 2.2 and 2.3 to obtain the bounds
M < Cy §(M™)™1 = Oy S(MOE) ! < 00"  exp(0t,) (2.57)
and

B0 < 05~ (M)~ = gt 50 gty
< O3 expl(d — 1)0t,].  (2.58)
The remaining estimates follow immediately from (2.49), (2.50) and the equations

-1

PO — N pta @~ T = N p=otn pyn=1) (2.59)

O

Proposition 2.5. Choose M = MO qgs in (2.6), and suppose a satisfies condition
(2.29). Then there is a constant c; > 0 such that for all n € NU {0},

qexp{—&( & —(d—l))tn] < | < erexpl(d— )0t (2.60)

1—46
with ¢1 as in (2.49).
Proof. The upper bound for |y(™| follows from (2.49), since v = (M))4; and hence

Y] < ([ M.
From (2.17) and the Diophantine condition (2.29) we have

V"] = yexpl(d = D)t]| "By e+ piy))| > Cexpl(d — Dt |psy |09 (2.61)

Since P
—1+

_ I 2.62

1+e ) (2.62)

and
p&| < P (2.63)

the proposition follows from the estimate (2.51). O]
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2.8. Hyperbolicity of the transfer matrices. Let
w={¢eR?: £ w™ =0} (2.64)

be the orthogonal complement of the vector
(n)
w® — (0‘1 ) € R?. (2.65)

Lemma 2.6. For all € € w(f_l), n €N,
T = exp(—6t,) T(MTD MM ) g (2.66)

Proof. This follows directly from the relation

Stn T f(n—1) TAl=1¢! Ta(n—1)
E% M &€ = exp(—dt,) 0 = exp(—6t,) TMMV¢ (2.67)

where & € R?! comprises the first d — 1 components of &. O

Proposition 2.7. Choose M = M as in (2.6), and suppose o satisfies condition
(2.29). Then there is a constant A > 0 such that for all & € wﬂl_l), neN,

| T )| < Aexp( en) €] (2.68)
with
on = (1—0)0t, —dOt, 4. (2.69)
Proof. From Lemma 2.6,
| 7T < exp(=t,) | MOV AL g (2.70)
and the proposition follows from the bounds (2.49), (2.50). O]

Given any positive sequence g, ¢1, . . ., the values ¢,, that solve eq. (2.69) with t; = 0
are

R :
— § n=7.,.
where 50

E.g., for constant ¢, = ¢ > 0, we have

g (0 =0)
fn = {d—g[(uﬁ)”—l] (0<0<1). (2.73)

2.9. The resonance cone. As we shall see, a crucial step in our renormalization
scheme is to eliminate all far-from-resonance modes in the Fourier series, i.e., all modes
labeled by integer vectors outside the cone

K™ ={geR" ¢ - w™| < o,|€]l} (2.74)
for a given o, > 0.

Lemma 2.8. Choose M = M as in (2.6), and suppose a satisfies condition (2.29).
Then

- | Tt €||
p —r S
gexn-v_gop  |I€]l

for all n € N.

{2 + C60n—1 ed‘stnl exp [ — (1—6)dt, +d0t,1], (2.75)
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Proof. We write & = &, + &,, where
c w1
£ w (n—1)

n—1
£ = R & ecwl™ (2.76)
Firstly,
Top(n) =1 ()L w1y 16w (m) 1
T &l < T g = 1T o = ot [T NIEN (2.77)
since £ € K™Y and [|w®™ Y| = ||( Ta™ Y 1)|| > 1. Hence in view of (2.54)
| 7T 8| < oo expl(d — 1)(1 = 0)0t, +d O ,][€]. (2.78)
Secondly, from Proposition 2.7 we infer
- 1
| T 76l < SAexp [ (1= 0)3t, +dOt,-] €] (2.79)
This proves (2.75). O
Remark 2.1. Note that if the ¢, are chosen as in (2.73), and
1
Opn1 < §cglA exp(—ddt,), (2.80)
then .
1T €] < Aexp(—¢) €] (2.81)

for all € € K™Y n e Nand ¢ > 0.

3. RENORMALIZATION OF VECTOR FIELDS

3.1. Definitions. The transformation of a vector field X on a manifold M by a diffeo-
morphism ¢: M — M is given by the pull-back of X under :

$X = (D) X oy,

As the tangent bundle of the d-torus is trivial, TT? ~ T x R¢, we identify the set
of vector fields on T with the set of functions from T? to R¢, that can be regarded
as maps of R? by lifting to the universal cover. We will make use of the analyticity to
extend to the complex domain, so we will deal with complex analytic functions. We
will also be considering an extra variable related to a parameter.

Remark 3.1. We will be using maps between Banach spaces over C with a notion of
analyticity stated as follows (cf. e.g. [14]): a map F defined on a domain is analytic
if it is locally bounded and Gateux differentiable. If it is analytic on a domain, it is
continuous and Fréchet differentiable. Moreover, we have a convergence theorem which
is going to be used later on. Let {F}} be a sequence of functions analytic and uniformly
locally bounded on a domain D. If limy_ ., Fy = F on D, then F' is analytic on D.

Let p,a,b > 0, r = (a,b) and consider the domain D, x B,, where D, = {x €
C?: || Imz| < p/27} for the norm |Jul| = Y, Ju;| on C?, and

i=1

d—1
B, = {y = (y1,...,yq) € C%: Z lyi| < a and |yq| < b} : (3.1)

Take complex analytic functions f: D, x B, — C? that are Z%periodic on the first
coordinate and on the form of the Fourier series

flx,y) = Z fru(y)e?mke, (3.2)

kczd
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Its coeflicients are analytic functions fx: B, — C? with a continuous extension to the
closure B,, endowed with the sup-norm:

[ fellr = sup [|fu(¥)]-

yeB,

The Banach spaces A,, and .A;,’r are the subspaces of such functions such that the
respective norms

1fllpr =D Il e,
kczd

AL, = D @+ 27kl | fillr e
kezd

are finite. Also, write the constant Fourier mode of f € A,, through the projection

Ef(y) = | flz,y)dx = fo(y) (3.3)

Td
into the projected space denoted by EA,. The norm of its derivative D f; is given by
the operator norm || D fyl|, = SUp| g/, =1 | D fo gl|--
Some of the properties of the above spaces are of easy verification. For instance, given
any f,g € A}, we have:

o [lf(@ )l < I fllor < If]l,, Where (z,y) € D, x B,
o || fllp—6r < [Ifllpr with 6 < p.
In order to setup notations write, according to section 2, w® = w € R?—{0}, Ao = 1
and, for n € N,

0
w™ — 7(n)_l]w(n) ( > =\, P"w = nnT(")w(”_l), (3.4)
i
where A\
_ 7 @Dt _
Ap = ——¢€ and n, = ) 3.5
) . (39)

In the following, we will be interested in equilibria-free vector fields with a “twist”
along the parameter direction. By rescaling this direction we will find the right param-
eter which guarantees the conjugacy to a linear flow. For a fixed n € NU {0}, we will
be studying vector fields of the form

X(z,y)=X,(y) + f(z.y). (2z,y)€D,xB, (3.6)
where f € A,, and
XO(y) = w™ 4 M7 )y, (3.7)
(We drop the second coordinate of the vector field because it will always be equal to
zero — there is no dynamics along the parameter direction.) The linear transformation
on y deforms the set B, along the directions of the columns of M (see (2.15)). In
particular, its dth column corresponds to w™.

For the space of the above vector fields we use the same notation A,, and the same
norm || - ||, without ambiguity.

3.2. Resonance modes. Given g, > 0 we define the far from resonance Fourier modes
fr as in (3.2) with respect to w(™ to be the ones whose indices k are in the cone

ID={keZ |k-w"| > o,|k|}. (3.8)
Similarly, the resonant modes correspond to the cone
IT=74—1. (3.9)
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It is also useful to define the projections I' and I, on A,, and A’ . by restricting
the Fourier modes to I} and I, respectively. The identity operator is I =L + T .
Moreover, take

TT(n—H)_lk
A, = sup e k| (3.10)
kel —{0} %]
A useful property of the above cones is included in the Lemma below.
Lemma 3.2. Ifk € I, and y € B,, with r, = (a,,b,),
1 1
a, < oy, (5 — bn) YO M™)Y and b, < 2 (3.11)
then o
k- X2)| > Tk (3.12)
Proof. For every y € B, and k € I,
k- (@ + 4T MOy = (14 gk - w™ 44k MOy, g, 0) (3.13)
> (1= by)onlkl = an [y™ [ M™]]1K].
Our choice of a,, yields (3.12). O

3.3. Basis change, time rescaling and reparametrization. The fundamental step
of the renormalization is a transformation of the domain of definition of our vector fields.
This is done by a linear change of basis (coming essentially from the multidimensional
continued fraction expansion of w — see section 2), a linear rescaling of time because the
orbits take longer to cross the new torus, and a change of variables for the parameter y
in order to deal with the zero mode of the perturbation.

Let pp_1,an-1,bp-1 >0, 7,1 = (ay_1,b,—1) and consider a vector field

X(@,y) =X, () + f(x.y),  (x.9) €Dy, X By, (3.14)

with f € A, _,,..,. We are interested in the following coordinate and time linear
changes:

x i T g t = Nt (3.15)

Notice that negative time rescalings are possible, meaning that we are inverting the
direction of time. In addition to (3.15) we will use a transformation on y, a map
y — 9,(X)(y) depending on X in a way to be defined later.

Therefore, consider the transformation

Li(@y) = (T" 2, 2,(X)(@y).  (w.y)eC (3.16)
that determines a vector field in the new coordinates as the image of the map
X = Ly(X)=n,L:X.
That is, for (z,y) € L,'D,, , X B, |,
Lo(X) (@, y) =T 440D MO DD (X) (y) + fo o 2a(X)(y)]
+ 0 T (f = fo) © Lu(@, y).

In order to eliminate the k = 0 mode of the perturbation of X in the new coordinates

(3.17)

and to normalise the linear term in y to 7(”)71M (", using the definitions of 7 and
N, We choose

_ e -1,\"1, _ _
B, (X): y o (Id—i—fy(” 1 (1) f0> (e Bty e Btuy, |y, (3.18)
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if possible. Hence,

Lo(X)(@,y) = X;(@,y) + La(f — fo)(z,y), (3.19)
where B
Lyn: fr—0.T™foL,. (3.20)
Denote by A, the set of X € A such that || fol|-,_, < p.

Lemma 3.3. Let r, = (a,,b,) and p,—1 > 0 such that
an < @ [agy = (14 DM o]

Pn—1,Tn—1

B (3.21)
b < bumy = (1 OV .

There exist an analytic map ®,,: A, , — Diff(B,,,C?%) such that, for each X € A
,,(X) is given by (3.18) and

Hn—1

©,(X)(B,,) C B, .. (3.22)
In case fy is real-analytic, ®,(X)|R? is also real-valued.

Proof. For X € A with || follr,_, < ftn—1 and gn_l = (0n_1,0,_1) with

Pn—1,"n—1
n— n—1)"1
On-1 = pna "I MOD T (3.23)
we have by the Cauchy estimate
[ follr..- 1
||Df0||7"n_1—/\n_1 S : < — — =1
St ] MO0
So, FF=1d +7(”_1)M(”_1)71f0 is a diffeomorphism on B, 5 . Now, if By < a,-1 —
5n—1 — Mn—1, Ry < bn—l — 577,—1 — Mn—1 and R = <R17R2>, we have BR C F(Brnil_gnil)

and F'71(Bg) C B, 5 . Therefore, ®,(X) as given by (3.18) is a diffeomorphism on

B, by choosing R = (e"%®!q,, b,), and thus we get (3.22). In addition, X + ®,(X) is
analytic from its dependence on fy. When restricted to a real domain for a real-analytic

fo, ©,(X) is also real-analytic. O
Let the translation R, on C?? be defined for z € C? and given by
R.: (x,y) — (x + z,v). (3.24)
Notice that we have the following “commutative” relation:
LiR. =R, L,  ze€C% (3.25)

This also follows from the fact that ®,, is unchanged by the introduction of the trans-
lation R, .

3.4. Analyticity improvement.

Lemma 3.4. If 6 > 0 and

fo Prot s 2
S g — =0 (3.26)

then L, as a map from (I_, — E)Ay, i N A, into (I—E)A, . is continuous
and compact with

~ 2m
120 < 17 (14 55) (3.27
Remark 3.5. This result means that every vector field in I7 A, .  NA, | ie
a function on D, | x B, , into C% has an analytic extension to T(")_le;z x B, .
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Proof. Let f € (I}_; —E)A NA,, ,. Then,

Pn—1,Tn—1

—1 / n -1
HfOLTLH/;ﬂrn < Z <1+27THTT(") k?||> ||fkoMn”rne(l’n—é—l—é)HTT() k- (3.28)

kel {0}

By using the relation £e=°¢ < 6~% with ¢ > 0, (3.10) and (3.22), we get

I1f o Lallly . <@ +21/8) > | filly,_ e @Ik
10} (3.29)

<@ +2m/0) ([ fll o

Finally, [|£of 1, 0, < [l 1T f © Lall} .,
The above for D, x B, is also valid for D x B,.,, ¢ > p}, but satisfying a similar

inequality to (3.26). Therefore, £, =Z o J, where J: (I} | —E)A,, _,,,_, — A, is

bounded as £,,, and the inclusion map Z: A’ A, is compact. O

p'nnr’ﬂ
For 0 < p!! < pl,, consider the inclusion
Lo Ay o — A (3.30)
by restricting X € A/, , to the smaller domain D, x B,, . When restricted to non-

PnTn

constant modes, its norm can be estimated as follows.

Lemma 3.6. If ¢, > 1 and

0 < pp < py, — log(¢n), (3.31)
then
IZ.(T-E)|| < ¢, (3.32)
Proof. For f € (I-E) /p;“rm we have
10y < D (27 R il M < 6 £l (3.33)
k40
|

3.5. Elimination of far from resonance modes. The theorem below (to be proven
in Section A) states the existence of a nonlinear change of coordinates U, isotopic to the
identity, that cancels the I, modes of any X as in (3.6) with sufficiently small f. We
are eliminating only the far from resonance modes, this way avoiding the complications
usually related to small divisors. We remark that the “parameter” direction y is not
affected by this change of coordinates.

For given p,,,r,,,v > 0, denote by V. the open ball in .A’pn +ur, Centred at X9 with
radius €.

Theorem 3.7. Let r,, be as in (3.11), 0, < ||w™|| and

e = @min{ Y L} (3.34)

42 47 72w
For all X € V. there exists an isotopy
Ui D, x B, — D, +, xB,,,

(@,9) — (@ + u(e.y), ), (3.35)

of analytic diffeomorphisms with u; in A’ t € (0, 1], satisfying

Pn,Tn’

LUX =(1-0)IX, Uy=Id. (3.36)
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This defines the maps

V., = A
e proTn (3.37)
X — Id +Ut

and
U:Ve —>]I+A rnEB 1_t]17;"4/ v,r
PTEe T T (1= LAy, (3.38)
X —U'X

which are analytic, and satisfy the inequalities

PnsTn

42t
(X)) —Id|. <= f,
I44(X) =1 [, ST F 9)

(X)) = Xl < = B)IIS
If X is real-analytic, then 4,(X)(R?*?) c R,

!/
pntvrn

Remark 3.8. Further on we will be using the above result for ¢ = 1. So that all far
from resonance modes are eliminated.

Recall the definition of the translation R, in (3.24).

Lemma 3.9. In the conditions of Theorem 3.7, if x € R? and X € V., then
(X oRy) =R, ' oy(X) o Ry (3.40)
onD,, r,-

Proof. Notice that Rz(D,, x B,,) = D, x B,,. If U, = $4;(X) is a solution of the
homotopy equation (3.36) on D, X B, , then U, = R, o 4f;(X) o R, solves the same
equation for X = X o Ry, ie. [ XoU, = (1—-1¢)I;X,on D, xB,,. O

3.6. Trivial limit of renormalization. Let a sequence of “widths” 0 < g,, < 1 of the
resonance cones I be given. The nth step renormalization operator is thus

R,=U,0T,0L,0R,_1 and Ry=Uy,

where U,, is the full elimination of the modes in I, as in Theorem 3.7 (for ¢t = 1). Notice
that R, (X + v) = X?, for every v € C% From the previous sections the map R,, on
its domain is analytic. Also, in case a vector field X is real-analytic, the same is true
for R, (X).

Fix the constants v and § as in Theorem 3.7 and Lemma 3.4, respectively, and choose
0 <A< 1. Take

only™| _ _ onpay Y]
| M ()| eDint 1| M(nt1))|

n 2
Ao ol

n ’i_l ) n n —1
[Lis, [TO77]2 L [y M|

©, = min | &,, (3.41)

by assuming that the sequence of times ¢, guarantees that ©,, > 0. Now, write

B, = ﬁAi. (3.42)
=0

with A; given by (3.10). By recalling the inequalities (3.26) and (3.31) we choose, for a
given py > 0,

n—1 n—
po— Y Bilog(¢it1) = (6+v) ) B;
=0 =

1
1
i=0

= 3.43
=g (3.43)

n—1

where

¢, = max {2|77n| | T™(1 + znal)@g‘l : 1} >1 (3.44)
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is to be used in Lemma 3.6.
Define the following function for every w € R? associated to the choice of o,:

B(w) = Z B;log (¢i1) + (6 + 1) Z B;. (3.45)

The convergence of the renormalization scheme now follows directly from our con-
struction.

Theorem 3.10. Suppose that
B(w) < +o0 (3.46)
and p > B(w) +v. There is K,b > 0 and r, = (a,,b,) with a, > 0 and b, > b > 0,
such that if X is in a sufficiently small open ball around X° in A, ,,, then
(i) X is in the domain of R, and

IRn(X) = Ra(X) s € KO|IX = X%o,  n € NU{0}, (3.47)
(ii) for each |s| < b there exists in B, , C C? the limits
po(X) = m1~1>IJIrloo D, (Ry—1(X)) ... P (Ri—1(X))(0, ..., 0,5) (3.48)
and
Tim_[[p5(X) ~ (0.....0.8)] = 0. (3.49)

(iii) the map X +— p,(X) is analytic and takes any real-analytic X into an analytic
curve s — ps(X) in RZ.

Proof. Let € > 0 and py = p — v — & > 0 such that py > B(w). Hence, by (3.43), we
have R > 0 satisfying p, > RB, !, for all n € N.

Denote by ¢ the radius of an open ball in A,,, centred at X° and containing X. If
¢ < gp we can use Theorem 3.7 to obtain Ro(X) € I A,, », with ro = (ao, bo) satisfying
(3.11) and

IRo(X) = Ro(X°)lppra < 21X = X}y < 267X = X[y

Let K = 2(£6,)~" and assume that ¢ < K'min{by(1 — ), 2 — by}. So, (3.47) holds
for n = 0.
Now, with n € N we choose the following 7,:

1 7] SN
ayp =0y, | = — bo) and b, = by — cK A, (3.50)
(3-%) iy >

so that 1/2 > b, > b= by — cK(1 — X)~!. The inequalities in (3.11) follow immediately.
Moreover, (3.21) is also satisfied with u, 1 = ¢K©,,_1 because

- 1 n— n—1)~"1
any = ey > (5 = bo) (14 YU MUY N6,

-1
> (14 [y DM )eK O, 1, (3.51)
bn—l — bn - CKAn_l
> (14 p O MO ) eK 6.

Suppose that X,,_; = R,-1(X) € I} A, ., and
Xt = X0 s < KO [IX = XO
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Since (3.21) holds, Lemmas 3.3 and 3.4 are valid and, together with (3.19) and Lemma
3.6, can be used to estimate Z,, o £,,(X,,—1):

1Z0 0 La(Xn-1) = Xl < Il 1T+ 2707 K O] X = Xy

pn Tn
1 (3.52)
— LK6, X - XV, ..

This vector field is inside the domain of U, as (3.11) and %c KO, < &, are satisfied.
Thus (3.47) follows from (3.39).

Denote by fén) the constant mode of the perturbation term of X,. By Lemma 3.3,
o, (X,-1): B, — B,,_, is given by

y — (Id +g,) diag(e™®™, ... e™®" 1)y,

where
1

(Id (=D gD pln 1)) ~1d (3.53)
is defined on B,, with r/, = (e"%'qa,,,b,). So, for z € B,, there is £ € B,, such that

gu(2) = [[ + 7" VMO DT DD ()] Mz — A D MDD ()] - 2

n— n— -1 n— n— n— n— n—
—[I 44" IMOD T D DI MEY T DA (E) 2 + £5 0 (0)]
(3.54)
and
~1
[y D] [ M =D / (n—1) (n—1)
lgnlle, < (I DA, + 15, ) -
e T i °
(3.55)
The choice of r,, means that
(n—1)
min{a,_; — e ®"a,, b,_; — by} > min {%, /\”_1} ) (3.56)
By using (3.41) and the Cauchy estimate,
(n—1) n—1
A
DA < L s -
|| fO H n — min{an_l _ e_détnanybn—l _ bn} |’}/(n 1) | HM n—1)~" || ( )
Thus,
I gnllr, < A1 (3.58)
Writing y, = (0,...,0,s), by induction we have
O (Xp1) .o Pon( X ys+Zd1ag dtia=tn=1) - edltioi—tn=) 1) g (¢,
(3.59)

for some &, € B,,. Therefore, from (3.58), there exists pj(X) € C? unless X is real
which clearly gives ps(X) € R In addition,

n—1

+00
. A
P5(X) =yl <D llgill < T (3.60)

The maps X +— p?(X) are analytic since the convergence is uniform. Lemma 3.3
gives us the nested sequence ®,,(X,_1)(B,,) C By, ,. So, as y, € NienB,,, it follows
that ps(X) € B, _,. O
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Remark 3.11. The above can be generalised for a small analyticity radius p by consider-
ing a sufficiently large N and applying the above theorem to X = UnLy ... U L1Uy(X),
where X is close enough to X°. We recover the large strip case since py is of the order
of By',. It remains to check that py > B(w™)) + v. This follows from the fact that
B(w™)) = By' [B(w) — By (w)] where By(w) is the sum of the first N terms of B(w)
so that By(w) — B(w) as N — +00.

Lemma 3.12. If w = (§) in R? is diophantine, i.e. o satisfies (2.29) with exponent e
(related to 0 by (2.43) and to B by (2.72)), then (3.46) is verified.

Proof. Let us set 0t, = &t,—1, 0, = exp(—cdt,), n > 1, where positive constants ¢, ¢
will be chosen later. Obviously, t,, = (1+&)t,—1 = [(1+&)/£]ot, and 6t, = (1+&)dt,—1.
We shall assume that

c<d(l1+¢), (3.61)
so that o,y exp(ddt,) = exp(—cdt,—1 + dot,) = exp[(d — ¢/(1 + £))dt,] is much larger
than A given by Proposition 2.7. Hence, using (2.75) we have

A, < exp K—m +d—(1-0)+ %) 54 . (3.62)

We next estimate ||w™ || and ¢,. It follows from (3.4) that ||w™|| < ||[M™|| |7(”)71|.
Thus, using (2.49), (2.60) we have

6 0 »1+¢
Since [|w™]|| > 1 one gets from (3.34) that e, ~ 02/||w™|| which together with (3.63)
implies
0 1
exp [(—20 1 9d2 —£§> 52?4 < g, K exp(—2cit,,). (3.64)
Here X ~ Y means that there exist two positive constants C7, Cy > 0 such that C1Y <
X < Y. Using again (2.49), (2.60) we get

firp oo (- 7 )
>exp || —¢— 34 Ot | - 3.65
M 1-6° ¢ (3.65)
Also, since ||M®HD|| > ~0+D),
(n-+1)
Tnt1|Y | < exp[—(c+ d)(1 + &)dt,]. (3.66)

[M D] exp(ddtn)
We shall assume that ¢ and £ are chosen in such a way that
0 1+¢

—c— ——d —(c+d)(1 3.67
c- Tt > (e L), (3.67)
so that : ) -
(n n+ n
HM I [+ exp(dtyn) HM dh
Inequality (3.67) is equivalent to the following condition
0 1+¢ , 1+¢
d- — d. 3.69
‘19 e ¢ (3.69)

Finally, we want A, to be small and, hence, require the exponent in (3.62) to be
negative

do
—m +d— ( 9) + ? < 0. (3.70)
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Suppose that conditions (3.61), (3.69), (3.70) are satisfied. It follows immediately
from the estimates above and (3.5), (2.49), (2.50), (2.54), (2.60) that

|10g Oy, | log ©,,—1], log || 7™, [1og ||| < 6ty (3.71)
At the same time
H ; < C"exp(—at,11), (3.72)
i=0
where
c do

=

e dra-0 -7 >0 (3.73

)
Since B,, decays exponentially with ¢, and log ¢,, grows at most linearly the series (3.46)
converges. To finish the proof it is enough to show that conditions (3.61), (3.69), (3.70)
can be satisfied. Indeed, since 0 < 6 < 1 we can choose & so large that 1 —6 —df/¢ > 0
and

g 1+¢ , 1+¢
d- — d . 74
e £ <0 (3.74)
It is easy to see that all three inequalities (3.61), (3.69), (3.70) are satisfied if (1+¢&)(d—
f) <c<(1+&)d, where f=1—0—df/{ > 0. O

3.7. Analytic conjugacy to linear flow. As a consequence of Theorem 3.10, we

obtain an analytic conjugacy between a vector field and the linear flow, thus proving

Theorem 1.1. In the following we always assume to be in the conditions of Section 3.6.
Let r = ry and

A={XeA, : |X-X,r<c} (3.75)
inside the domain of R,, for all n € NU {0}. By taking X € A, we denote X,, =
R.(X) €It A,, ., sothat

Xpn =M (UyoLioU---L,oUp,)"(X), (3.76)
where Uy = Uy (ZyLx(Xy—1)) is given by Theorem 3.7 for ¢t = 1 at the kth step and Ly

is the linear rescaling as in (3.16) for Xj_;.
Denote by V,, the coordinate change

-1
Vo (x,y) — (P™ 2, &1(Xy) ... Pp(Xno1)(y)) (3.77)

and set Vo = 1d. Thus, L, = Vn__ll oV, and
Xn == >\n (Vn o Un)*(vn—l o Un—l o Vn__11)* e (‘/1 o Ul o V1_1)*U5(X) (378)

In particular, the y-coordinate is only transformed by the second component of V,.
Notice that if X, = X? for some n € N,

y=1(Xo) ... Pu(X,_1)(0,...,0,5) € C%

with |s| < b, corresponds to the parameter for which X is conjugated to (1 + s)w™.
The parameter value for the general case X, — X2 — 0 as n — 400 is p*(X) = pj(X).

Lemma 3.13. There is an open ball B about X° in A such that we can find a sequence
R, > 0 satisfying R_1 = p,

Ry, + 2742K0Y2|| X — X°||,» < Ru1 < ”sz 11)“ X € B, (3.79)
and

lim R;'©Y? = (3.80)

n—-+o0o
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Proof. Let p, = minp,. It is enough to check that 0. <« Ao T, IT@) 1 with

0 < A <1 and taking R, = cA0y/? for some positive constant c¢. This immediately
implies (3.80) and (3.79) by considering a small enough upper bound for || X —X°||,,. O

Let Diff,..(D¢,C%), ¢ > 0, be the Banach space of Z%periodic diffeomorphisms
g: D; — C? with finite norm ||gl¢c = >, lgx/|eS¥l, where g € C? are the coefficients
of the Fourier representation. It is simple to check that ||g o P™|z, < ||gll,,-

Denote by u, the analytic function

u,: A — Diff,.,.(D,,,C%

Pn?
Asp; (X) € B,,, D,, x{y = p;,11(X)} is inside the domain D, ,,, of U, (Z,L,(Xn-1))
given in Theorem 3.7. Now, for each X, define the isotopic to the identity diffeomor-
phism

(3.81)

W, (X) = P™M ™" 64, (X) o P™, (3.82)

on P(”)_len. If X is real-analytic, then W, (X)(R?) C R?, since this property holds
for u,(X). We also have W, (X°) = Id.

Lemma 3.14. For all n € NU {0}, W,,: B — Diff,..(Dg,,C%) is analytic satisfying
W,(X): Dg, — Dg,_, and

IWo(X) = 1d ||, <42K6,|X = X°|,,, X € B. (3.83)
Proof. For any X € A in view of (3.39) we get
Wa(X) = 1d [, = [P 0 [un(X) — Id] o P"]p,
42 -1
< J_HP(n) H ||In£n(Xn—1) - Xr?”pn,rn'

We can bound the above by (3.83).
Now, for x € Dg, and X € B C A,

[ Tm W, (X) ()| < [[Tm(W,(X)(2) — )| + || Im ||
< ||Wo(X) = 1d||g, + Rn/27 < R,_1/27.
So we have W,,(X): Dg, — Dpg,_, and W,,(X) € Diff,.,.(Dg,,C%). From the properties
of 4l,,, W, is analytic as a map from B into Diff,.,(Dg,, C%). O

Consider the analytic map H,,: B — Diff,.,(Dg,, (Cd) defined by the coordinate trans-
formation H,(X): Dg, — D,, as

H,(X)=Wy(X)o--oW,(X). (3.84)
Lemma 3.15. There exists ¢ > 0 such that for X € B and n € N,
1 H(X) = Hoea(X) |, < 0, X = Xy, (3.85)
Proof. For each k =0,...,n — 1, consider the transformations

Gi(z, X) =(Wi(X) —1d) o (Id +Gg11(2, X)) + Grya(z, X),
with (2, X) € {z € C: |z| <1+d,} x B, where we have ¢ > 0 such that

Cl

d, = —-1>0.
n 1/2
@n/ HX - XOHPJ“
If the image of Dpg, under Id +Gy1(z, X) is inside the domain of Wy (X), or simply

1Gra (2, X[ R, < (Ri = Rn)/2m,
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then G, is well-defined as an analytic map into Diff,.,.(Dg,,C%), and
1Gk(z, X)) R, < [IWi(X) = Id [|g, + [[Grt1(2, X) IR,

An inductive scheme shows that
1Gn(2, X) R, <(Rp1 — Ry)/2m,

n—1

Gk (2, X)[lr, < [IWi(X) —1d|
i=k

g + 2| [[Wi(X) = 1d |[g,

<(Rg-1— Ry,)/27.
By Cauchy’s formula
[Hn(X) = Hoa(X) |5, = [[Go(1, X) = Go(0, X)]| &,

N
|2

2 Jicrdnge 22— 1)
2
1Hn(X) = Hyor(X)|lp, < o= sup [Go(z, X)|g,
n |z|=14+dn /2

< OLX ~ X,

Ry
and

O
Consider C!_ (R? C%) to be the Banach space of the Z-periodic C' functions between

per
R?% and C? with norm
_ k
Ifller = mama | D" (2| (3.50)
Lemma 3.16. There exists C > 0, an open ball B' C B about X° and an analytic map

H: B' — Diff .. (R4, C?) such that for X € B', H(X) = lim,,_, o H,(X) and
|H(X) —1d|lcr < C|IX = X[ - (3.87)
If X € B’ is real-analytic, then H(X) € Diff,.,(R% R?).

Proof. As the domains Dpg, are shrinking, we consider the restrictions of W, (X) and
H,(X) toR?, and estimate their C! norms from the respective norms in Diff ,..(Dg, , C?).
More precisely, for any X € B, making use of Lemma 3.15,

1H0(X) = Hyr(X)||or < max sup || DYH,(X) (@) — Hyor (X) ()]

wEDRn/Q

) (3.88)
< R—n||Hn(X) — Hy 1 (X) | ga,

which goes to zero by (3.80). Notice that here we have used Cauchy’s estimate || D'g||; <
(2n/e8)glces with ¢, > 0.

Therefore, it is shown the existence of the limit H,,(X) — H(X) as n — 400, in the
Banach space C},.(R?, C?). Moreover, |H(X)—1Id [|c1 < [|X —X°||,,. The convergence
of H,, is uniform in B so H is analytic. As the space of close to identity diffeomorphisms
is closed for the C! norm, H(X) is a diffeomorphism for any X sufficiently close to X°,
ie. X € B'. The fact that, for real-analytic X, H(X) takes real values for real

arguments, follows from the same property of each W,,(X). O
To simplify notation, write 7, X = X (-, y).

Lemma 3.17. For every real-analytic X € B" and |s| < b, [H(X)]*(mpsx)X) = (1+5) w
on R%.
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Proof. For each n € N the definition of H,(X) and (3.78) imply that
Ho(X) (s 30 X) = A, e 0 Vi (X0). (3.89)

n

The r.h.s. can be written as
-1 -1 *
AP ™y (X, )T By (X)) Tt (X)), e ) Vi (X~ XD) =
= (14 8)w + A PO O T MR (X)) — 5w+ A e Vi V(X — X0). (3.90)
Its terms can be estimated, for & € R?, by

* _ n)—1
1A e Vi (X = XD @) | < TP 11X = X2l < O, (391)

and
VR X)—(0,...,0 _ MO g, X)—(0,...,0
o ‘H [Ph41(X) = (0,...,0, )] el @i 1B [Pn (X) = (0,0, s)]]
< ||pn+1<X) (07"'7()’ S)H
(3.92)

which is controlled by (3.49). Consequently, the limit of (3.89) as n — +oois (1+s)w
Using the convergence of H,, we complete the proof. 0
Lemma 3.18. If X € B’ and © € R?, then

H(X o Rgy) = R;' o H(X) o Ry, (3.93)

where Ry: z — z + x is a translation on C<.

Proof. For each n € N, (3.40) and (3.25) yield that U, (X o R;) = Un(X) o R, and
L,(X oRy) = L,(X) o Rpmy,. This implies immediately that
Rou(X 0 Ry) = Ru(X) 0 Rpiwy. (3.94)

~

Next, from a simple adaptation of (3.40) and the formula ]T?P(n)z = PMR,P™™" for
z € C? we get

Wa(X 0 Rg) =P™ " 04, (L, Ry1(X 0 Ry)) 0 P®)
=R.' o W,(X) o Rg.
Thus, H,(X o Ry) = R;' o H,(X) o Ry. The convergence of H, implies (3.93). O

Theorem 3.19. Ifv € Vect*(T?) is sufficiently close to w, then there exists an analytic
curve p: (=b,b) — R% s+ p°, and h € Diff*(T?) homotopic to the identity such that

h*(v+p°) = (1 + s)w. (3.96)

The maps v — p and v — h are analytic.

(3.95)

Proof. The lift ¥ to R? of v is assumed to have an analytic extension in D,. Consider the
real-analytic vector field Y (x,y) = v(x) +y in A,,. Suppose that v is close enough to
w such that Y € B’ and Y o R, € B’ for some n > 0 and z € D,. Then, the parameter
p* =p°(Y) € R? and the C'-diffeomorphism h = H(Y') mod 1 verify (3.96).

We now want to extend h analytically to a complex neighbourhood of its domain.
Take h(z) = z+ H(Y o R,)(0), z € D,. The maps z — Y o R, and X — H(X) are
analytic and C},.(R%, C%) 5 g — ¢(0) is bounded. As I involves their composition, it is

analytic on the domain D,, and Z%periodic. From (3.93), for any & € R?, we have
h(x) mod 1 = (z + R;' o H(Y) o Ry(0)) mod 1
=(x+ HY)(x) — x) mod 1 (3.97)
= h(x).
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The extension of A is a complex analytic diffeomorphism, thus h is a real-analytic
diffeomorphism. O

APPENDIX A. HOMOTOPY METHOD FOR VECTOR FIELDS

In this section we prove Theorem 3.7 using the homotopy method (cf. [22]). As n is
fixed, we will drop it from our notations. In addition we write p’ = p, and p = p,, + v.
We will be using the symbol D, for the derivative with respect to x.

Firstly, we include a technical lemma that will be used in the following.

Lemma A.1. Let f € A .. If U =1d +(u,0) where u: Dy x B, — D,_py/2 is in Ay,
and ||ul| ., < (p—p') /4w, then

hd ”f © U”p’,r < ||f||(p+p’)/2,r;

o [[Daf o Ull < ([ f[lpspryjor

o [[foU—=fllos < 1 lprpjan lullo

o |DafoU = Dafll < ;5N fI Nl

= p=p
The proof of these inequalities is straightforward and thus will be omitted. Now,
assume that § = 42¢/0 < 1/2. For vector fields in the form X = w + m + f, where

Tyt (x,y) — Y is seen as a function in Aj,,, consider f to be in the open ball in A

centred at the origin with radius €. The coordinate transformation U is written as
U =1d +(u,0), with u in

B={ue T"A, .:u: Dy X By — D, ||lull,,. < 5}
Notice that we have
IU*(X) = I"(DU) Hw + 7+ foU,0)
(I"(I + Dgu) (w + 7 + fo U),0).
From now on the parameter r is omitted whenever there is no ambiguity. Define the
operator F': B — 1A,
F(u) =1 (I + Dgu) w47 + foU). (A1)
F(u) takes real values for real arguments whenever u has that property. It is easy to
see that the derivative of I at u is the linear map from I7A7, to I"A,:
DF(u)h = T (I + Dgu) *[DgpfoUh (A.2)
~Dgh (I + Dyu)™ (w+m + foU)].
We want to find a solution of
F(ug) = (1 = 1) F(uo), (A.3)

with 0 <t < 1 and “initial” condition uy = 0. Differentiating the above equation with
respect to ¢, we get

duy
dt
Proposition A.2. Ifu € B, then DF(u)~! is a bounded linear operator from I~ A, to
]1’.,4;,, and ||DF(u)7Y| < §/e.

DF(u)) ™t = —F(0). (A.4)

From the above proposition (to be proved in Section A.0.1) we integrate (A.4) with
respect to t, obtaining the integral equation:

up = — /t DF(u,)~! F(0) ds. (A.5)
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In order to check that u; € B for any 0 <t < 1, we estimate its norm:
el < tilelg||DF(v)’lF(0)||;f
< tsup IDEF ()~ flly < ol flly /e,
80, |lutll}y < 9. Therefore, the solution of (A.3) exists in B and is given by (A.5).

Moreover, if X is real-analytic, then u; takes real values for real arguments.
It is now easy to see that

Uy X = X" =T (=D(U, = 1d))"X° + TTU; f + (1 — )T f.

n>2
So, using Lemma A.1,
* 1 2
IUFX = X,y < W(HWH el ™+ 1L f 1) + (L =1L f 1]
p/
1
< 75 @@l /e + 1) 11l + @ =Dl ]l

1 (0% w] :
< [m( - +1)+1—t:| ||f||p

Moreover, U X =X°=T* f—(1—t)I" f||, = O(|| f||?), hence the derivative of X +— U} X
at X9 is T —¢I~.

A.0.1. Proof of Proposition A.2.
Lemma A.3. If ||f||/, < e < /6, then DF(0)~': 1" A,y — I~ A/, is continuous and

IDF(0)~] <
O’_

Proof. From (A.2) one has
DF(0)h =1-(f — Dy,)h
__ (]1 _ ]I—fD;l) Duh,

where fAh =Dfh—Dh f and D, h = Dgzh (w+ 7). Thus, the inverse of this operator,
if it exists, is given by

DF(0)™' = —D_! (]1 - ]Iwal)_l .

The inverse of D,, is the linear map from I7A, to I7A’,:

_ gk(y) 2k
l) 1 — wik-ax
v 9(T,Y) kEEI ik X0

and is well-defined since Lemma 3.2 implies that |k - X°(y)| > ol|/k||/2, with k € T~
and y € B,. So,

- 3 1+ 27||k|| 9k(y) ik
||leg||,/ = — Su — ep” I
P kel 27 yEB, k - Xo(y)

1+ 27||k| , 3
< 3 g e T < 2 gl
7TU|Ik|| ||gk|| € — O_HgHP

kel—
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Hence, |[DZ'|| < 3/0. It is possible to bound from above the norm of f: CA, — Ay

by [[fII < 2[I£1},- Therefore, [[I”f DS < ZlIfIl, < Land

o =G| fIl,

The statement of the lemma is now immediate. O

<

H (]1 - ]I—fD;1>

Lemma A.4. Given u € B, the linear operator DF (u) — DF(0) mapping 1" A}, into
I-A,, is bounded and

lally, [( 4x  4=2lul, 2l
IDF@) = DFO) < 7= | | 525+ Topar | M+ T e +

lll lell L=l

Proof. The formula (A.2) gives
(DF(u) = DF(0)] h = T~(I+ Dgu)™ [Daf 0 Uh — (I + Dgu)Dyf h
—Dgh (I + Dau) Hw+m+ f)oU
+(I + Dgu)Dgh (w 4 72 + f)]
= I (I + Dyu) '{A+ B+C},
where
A=[DypfolU—Dgf — DyuDgyf] h
B = Dau Dgh (w + m + f)
C=—Dgh(I+Dyu) ™ [foU — f— Dyu(w+m+ f)].

Using Lemma A.1,
A7
(p b - IIfIIL/IIUIIL,/) 21l

1Bl < (lw +mall + 1£1l) lully IRl
1€l

1Al

IN

IN

1
=, AWty allallr + Nlully (e 7ol + 1 1l) ] 171
o

To conclude the proof of Proposition A.2, notice that
_ 1— -1
IDFE) < (IDFO)7™" = [IDF(v) = DF(0)])

A C AP dm 4-2 +2—5“w+ I -
3T T |\h—py 15 ) T1 gl

o
< -
€

The last inequality is true if

o 20 A | P 52 4o +4—25 -1
3 (1_opW Tl 1-o\p—p  1-3

with a positive numerator N and denominator D in the r.h.s. This is so for our choices
of € and ¢ < =, by observing that

e<d

ol = sup flyl] < a Y™ M+ bllw] < —IIwH (A.6)
Yycbr
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thus [|w + Tl < 2||w| and
20 |
(1-9)2
2

So, N > 60 /6, D < 7, and finally ¢ < 421;.)” <& <N/D.

w + |, < 126]|w]| < %
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