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with Applications to the Reducibility Problem
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Abstract. We introduce a renormalization group framework for the study of quasiperiodic skew
flows on Lie groups of real or complex nxn matrices, for arbitrary Diophantine frequency vectors
in R and dimensions d,n. In cases where the group component of the vector field is small, it is
shown that there exists an analytic manifold of reducible skew systems, for each Diophantine
frequency vector. More general near-linear flows are mapped to this case by increasing the
dimension of the torus. This strategy is applied for the group of unimodular 2x2 matrices,
where the stable manifold is identified with the set of skew systems having a fixed fibered
rotation number. Our results apply to vector fields of class C”, with 7y depending on the
number of independent frequencies, and on the Diophantine exponent.

1. Introduction and main results

Let & be a Lie subgroup of GL(n,C) or GL(n,R), and denote by 2 the corresponding Lie
algebra. We consider vector fields on A = T¢ x & of the form

X(q,y) = (w, f(@)y), fl@eA, (qy) €A. (1.1)

Here, T4 denotes the d-torus, with T = R/(27Z). Such a vector field X determines a linear
flow on the torus, ¢(t) = qo + tw, and a linear evolution equation on &,

y(t) = flgo +tw)y(t),  y(0) =wo, (1.2)

whose coefficients are periodic or quasiperiodic functions of ¢, depending on the frequency
vector w. If t — ®L(qy) denotes the solution of (1.2), for the case where yo € & is the
identity, then the flow Wy associated with the vector field (1.1) can be written as

U (qo,y0) = (q0 + tw, @5 (q0)y0),  (qo.y0) €A, tER. (1.3)

Such flows are commonly referred to as skew flows. Classical Floquet theory shows that if
t — q(t) is periodic, and in particular if d = 1, then the system is reducible. To be more
precise, the vector field (1.1) is said to be reducible if there exists a function V : T¢ — &,
such that

Bl (q) =Vig+tw) eCV(q), teR, qeT?, (1.4)

for some constant matrix C € A. If w € R? is fixed, we will also refer to f as being
reducible. Another characterization of reducibility can be given by considering the map
V: A — A, defined by

V(g,y) = (¢.V(q)y) - (1.5)
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The pushforward of X = (w, f.) under this map is given by the equation

VX)(g.y) = (w. V) @Qy) .,  Vf =DV +VHV, (1.6)

where D, = w - V. Modulo smoothness assumptions, (1.4) is equivalent to V, f = C.

More recent results concern the reducibility of skew systems with rationally indepen-
dent frequencies wy,...,wq, where t — ¢(t) is quasiperiodic. For such systems, solving
V.f = C leads to small divisor problems, as in classical KAM theory. Results based on
KAM type methods have been obtained in the case where ® = SL(2,R) [1,2,3], motivated
by the study of the one-dimensional Schrédinger equation with quasiperiodic potential,
and for compact Lie groups [4,5]. In particular, Eliasson’s result [3] for & = SL(2,R) guar-
antees reducibility for analytic vector fields of the form (1.1), with w Diophantine, and
with the fibered rotation number (associated with a rotation in &) being either rational
or Diophantine with respect to w. The vector field is required to be close to constant, but
the smallness condition does not depend on further arithmetic properties of the rotation
number. By contrast to these results, there are also generic examples of non-reducible
systems [8,3,9].

Another approach to the reducibility problem involves renormalization methods. For
discrete time cocycles over rotations by an irrational angle o, and for & = SU(2), Rychlik
introduced in [8] a renormalization scheme based on a rescaling of first return maps, using
the continued fractions expansion of «. Later, Krikorian improved the method in [6,7],
where he was able to prove global (non-perturbative) results for compact C'* cocycles. A
non-compact case was treated in [10]. In the context of flows, renormalization techniques
were used in [11] to prove a local normal form theorem for analytic skew systems with a
Brjuno base flow. Unlike the KAM methods, the renormalization approach has so far been
restricted to skew systems with a one-dimensional base map or two-dimensional base flow.

In this paper, we introduce a new renormalization group approach, which allows us to
extend the analysis of near-constant skew flows in several directions. One of its character-
istics is that fibered rotation numbers are included in the renormalization procedure. This
leads naturally to multi-frequency problems, and to the analysis of skew systems over tori
of arbitrary dimensions, which we handle by making use of the multidimensional continued
fractions algorithm introduced in [19]. In addition, we reduce the smoothness condition
on the vector field, by requiring only a finite degree of differentiability.

We focus on cases where w € R? is Diophantine, in the sense that

w-v| 2 ClvlI'="7,  vez\ {0}, (1.7)

for some constants 3, C > 0. It is well known that for any fixed S > 0, the measure of the
set of vectors w that violate (1.7) approaches zero as C' tends to zero [20]. The constants
B,C > 0 are considered fixed in the rest of this paper.

Our vector fields are assumed to be of class C7, with ~ larger than some constant
Y0 (B) specified below. Given any v > 0, define ¥, to be the Banach space of integrable
functions f : T¢ — GL(n, C), for which the norm

0#veZa

Iy = 1Foll+ D IAl@IVDY,  fo= (27T)_d/f(Q)6_i”'qdq, (1.8)
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is finite. Here, and in what follows, we use the standard ¢? norm on the spaces C™, and
the corresponding operator norm for m x m matrices. Define Ef to be the torus-average
fo of a function f € F,. The set of functions in F, that take values in & or 2 will be
denoted by G, or A, , respectively.

Our first result describes a class of vector fields X = (w, f.) that are reducible to the
trivial vector field (w,0). Define

0(8) =+ 8) |1+ 204 2 /B[4 5 - U+ )] | 1. (19)

Theorem 1.1. Given v > 72 > v,(f3), there exists an open neighborhood B of the origin
in F., , and for each Diophantine unit vector w satisfying (1.7) a manifold M in B, such
that the following holds. M is the graph of an analytic map M : (I — E)B — EB, which
vanishes together with its derivative at the origin, and which takes values in A, when
restricted to A, . Every function f on M is reducible to zero. The corresponding change
of coordinates V' belongs to F. and depends analytically on f, where ¢ = v — v, . If in
addition, f € A, then V belongs to G., and if f is the restriction to T¢ of an analytic
function, then so is V.

Here, a function 1 defined on M is said to be analytic if ¢ o M is analytic on the
domain of M.

This theorem can also be applied to vector fields Y = (w, g .), whose group component
g is close to a constant matrix A, but not necessarily small. But w and A have to satisfy
a certain Diophantine condition. More specifically, assume that A € 21 admits a spectral
decomposition A = k-J = k1J1 + ...+ keJy, where & is some vector in Rf, and where the
J; are linearly independent mutually commuting matrices in 2, such that ¢ — exp(tJ;) is
2m-periodic. The vector k will be referred to as the frequency vector of A.

In order to see how Theorem 1.1 can be applied to g ~ A, we start with a skew system
Y = (w,g.) on T™ x &, and then take d = m + £. Clearly, if g = A = k- J, then the flow
for Y is equivalent to the flow for X = (w,0), with w = (w, k). More generally, if g — A is
small but not necessarily zero, we consider the function

flg)=e"g(x)e! —Kk-J, q=(z,r) € T™ x T*. (1.10)

If Y is regarded as a vector field on A by identifying w and x with (w,0) and (z,0),
respectively, then the above relation between g and f can be written as

g=06.f, Oqy) =(g.¢""y). (1.11)

In order to simplify the discussion, assume now that w has length one. If w = (w, k) is
Diophantine of type (1.7) and g belongs to the manifold ©,M, then the flow for X = (w, f.)
can be trivialized with a change of coordinates V', as described in Theorem 1.1. The same
now holds for g. However, the corresponding change of variables W (q) = V(q)e™""" is not

of the desired form, since it still depends on the coordinates ;. But as we will see,

O (x) = W(z +tw) W (z) = V(z +tw) eV (x), (1.12)
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for some matrix C' € 2 with frequency vector x, provided that V is differentiable. What
remains to be shown, in specific cases, is that the space of functions of the type (1.10) has
a reasonable intersection with the manifold M.

This procedure can be characterized as transforming some circular motion on & into
motion on an extended torus. Our motivation for this approach is to try to treat all
frequencies of the system in a unified way. In the case discussed below, it also has the
advantage that the analysis of near-constant skew flows Y = (w,¢.) can be reduced to a
purely local analysis near f = 0.

Consider now & = SL(2,R). In this case, there is a natural rotation number that can
be associated with a skew flow, due to the fact that the fundamental group of & is Z (as
for higher dimensional symplectic groups). To this end, consider the flow for Y = (w,g.)
on the product of T¢~! with R? \ {0},

0(t) = g(xo + tw)ov(t), v(0) = vy . (1.13)

Denote by a(t) the angle between v(t) and some fixed unit vector ug, and let ag = «(0).
Then the lift of this angle to R evolves according to the equation

a(t) = —<6_“(t)JJg(x0 + tw)e®® Iy up) a(0) = ap, (1.14)

where (.,.) denotes the standard inner product on R?. Here, and in the remaining part of
this section, J = [(1) _é]. If the components of w are rationally independent, then we can
define the so-called fibered rotation number of Y,

o(Y) = lim @. (1.15)

t—o00 t

As was shown in [23], this limit exists for all o € T¢~! and ag € R, and it is independent
of these initial conditions.

From the definition of ©, we see that o(Y) = & if and only if o(X) = 0. Thus, we may
restrict our analysis to skew flows with fibered rotation number zero. Theorem 1.1 deals
with precisely such flows. However, the functions (1.10) are of a particular type, and more
can be said in this case.

In the following theorem, & = SL(2,R), and 2 is the corresponding Lie algebra of
real traceless 2 x 2 matrices. Denote by Ag the subspace of functions g in A, with the

property that g(q) = g(z), for all ¢ = (z,7) in T¢~! x T!.

Theorem 1.2. Given v > v2 > 7,(8) and a > 0, the following holds for some R > 0.
Consider a constant skew system (w,A) on T4! x &, for a matrix A € 2 that has
purely imaginary eigenvalues, say +ri. Assume that w = (w, k) satisfies the Diophantine
condition (1.7), and that ||A|| < alk||w||. Then there exists an open neighborhood B
of the constant function x — A in Ag, containing a ball of radius R centered at this
function, such that for any g € By, the one-parameter family A\ — g + AA contains a
unique member in By, say ¢', whose associated skew flow has a fibered rotation number

k. If v —v9 = & > 1, then ¢’ is reducible to a constant C € 2, as described by equation
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(1.12), via a change of coordinates V € G.. Furthermore, the function ¢', and (ife > 1)
the quantities C' and V', depend real analytically on g.

This theorem is proved by first performing a simple change of coordinates g — L~ 'gL
with L € &, such that L~'AL = xJ, followed by a constant scaling Y + cY of the
resulting skew system, which converts (w, k) to a unit vector. This is where the condition
|Al| < a|k|||w|| comes in. After that, the task is reduced via the map © to the study of
vector fields X = (w, f.) with f of the type (1.10). Thus, in view of Theorem 1.1, it suffices
to prove (besides real analyticity) that the family A — f + AJ intersects the manifold M
in exactly one point, that o(X) = 0 implies f € M, and that (1.12) holds if f belongs to
M.

Our analysis of skew systems near (w,0), including the proof of Theorem 1.1, is based
on the use of renormalization group (RG) transformations. These transformations are
defined in the next section. As described in more detail in Section 4, each Diophantine
vector w determines, via a multidimensional continued fractions expansion [19], a sequence
of matrices T), € SL(d,Z). The n-th step RG transformation N,, involves a change of vari-
ables (q,y) — (Tnq,y), and another change of variables of the form (1.5), which eliminates
certain “nonresonant modes”. This is similar in spirit to the RG transformations used in
[11-19]. The details of the elimination procedure can be found in Section 3. Each transfor-
mation N, has f = 0 as a fixed point, and the stable/unstable subspaces of DN, (0) are
the same for all n. Thus, it is possible to define and construct a “stable manifold” (the
manifold M described in Theorem 1.1) for the sequence {N,}. This construction is car-
ried out in Section 5, by extending our RG transformations to parametrized families. The
reducibility of functions f € M is proved in Section 6, by combining the partial reductions
(elimination of nonresonant modes) from the individual RG steps. The remaining results
concerning & = SL(2,R) are proved in Section 7.

2. Renormalization

We start by describing a single RG step. A unit vector w € R%, and a matrix T in SL(d, Z)
are assumed to be given, subject to certain conditions that will be described below. The
matrix 7" defines a map 7 : A — A,

T(q,y) = (T(9),y) ; (2.1)
and the pushforward of a vector field (1.1) under this map is given by
(ZX)(q,y) = (Tw.(T.)@)y), Tf=foT " (2.2)

For every positive 7 < 1, define KC(7) to be the set of all vectors in R? that are contracted
by a factor < 7 under the action of S = (T*)~!. Here, T* denotes the transpose of T
Given a fixed value for this contraction factor 7, to be specified later, the “resonant” part
T f of a function f € F,, and its “nonresonant” part I f, are defined by the equation

I'flg)= > fe, (2.3)

UEIi
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where I = K(r)NZ*and I =74\ I'". As one would expect (see the lemma below), the
resonant part of a function f € F, is contracted under the action of 7.

In order to simplify notation, we will drop the subscript v from now on, unless two
different choices of v are being considered at the same time.

Lemma 2.1. If f € F satisfies T f =Ef =0, then |T.f| < 77| f|.

The proof follows immediately from the definitions:

ITA =) RISy < > Iflervi =lIAl-

0£vel™ 0£vel™

The complementary property of the nonresonant modes is that they can easily be
eliminated via a change of variables of the form (1.5). To be more precise, we assume
that the constant 7 can be (and has been) chosen in such a way that K(7/2) contains the
orthogonal complement of w. Under this assumption, we will show in Section 3 that if
f € F is sufficiently close to zero, then it is possible to find U, € F close to the identity,
such that

I U)«f=0. (2.4)
By construction, the map f — U, is analytic, and U, belongs to G whenever f € A. The

renormalized function NV(f) and the renormalized vector field R(X) are now defined by
the equation

N =" TU)f . RX) =n""TuUy) X, (2.5)

where 7 is the norm of Tw, so that the torus component of R(X) is again a unit vector.
The corresponding flow is given by

% ixy = [Us(-+n )% ‘U oT (2.6)

In what follows, the RG transformation N is regarded as a map from an open domain
in F to F. But it should be kept in mind that its restriction to A takes values in A. An
explicit bound on the map f — U, leads to the following.

Theorem 2.2. Let f = C'+ h, with C constant and Eh = 0. Assume that ||C|| < ¢/6 and
|h|| < 2%, with o satisfying 20||S|| < 7. Then

N(f)=n"t[C+h], |2 < 377|n], |ER| < 160777 ||h|1%. (2.7)

N is analytic on the region determined by the given bounds on C' and h. Furthermore, if
f is real-valued, then so is N'(f).

A proof of this theorem will be given in Section 3. Notice that the zero-average part
h of f gets contracted by roughly a factor 77 relative to the constant part C, which is the
same factor that appears in Lemma 2.1. The restriction on the size of the domain of N,
which is of the order of o, comes from the solution of equation (2.4).
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The goal now is to compose RG transformations of this type, as long as the constant
part of f does not become too large. Given a sequence of matrices Py, Py, Ps, . .. in SL(d, Z),
with Py the identity, and a unit vector wy in R?, we define

T,=P,P ', S,=(T)", M\ =|Pwoll, wn=A,"'Pwo, (2.8)

for n =1,2,.... The following theorem will be proved in Section 4, using as input certain
estimates from [19].

Theorem 2.3. Given vy, > v,(8), there exist two sequences n — o, and n +— T, of positive
real numbers less than one, both converging to zero, such that the following holds. If wq is
a unit vector in R™ satisfying the Diophantine condition (1.7), then there exists a sequence
n +— P, of unimodular integer matrices, such that with S,, and \,, as defined in (2.8),

Tn - L
20nlSull <7y lISnEl < el A [T(7) con < ona, (2.9)
j=1

whenever w,,_1 - £ = 0, for every positive integer n.

In order to simplify the discussion, the quantities described in this theorem are con-
sidered fixed from now on. We also assume that v > ~; . B

The n-th step RG transformation N,, and the composed RG transformation N,, are
defined by the equation

No(f) = 0 (T0)« (U)o f No=N,oN,_10...0M\, (2.10)

where 1, = A\, /\,—1 for n > 1, with A\g = 1. To be more specific, we choose 7 = 7,, and
W = wy_1 in the construction of the map U, that enters the definition of N' =N, .

By Theorem 2.2, the transformation N, is well defined on the open ball B, C F of
radius 2_903, centered at the origin. B, will be referred to as the domain of :Nn The
domain of \V,, is defined recursively as the set of all functions in the domain of N,,_; that
are mapped into B,, by Nn_l. For such a function f, define fo = f and

fo=Na(fo),  Fa=Efa,  hn=fo—fn. (2.11)

By Theorem 2.2 and Theorem 2.3, we have
Il < X TTT)) - Ifoll < 2700 (2.12)
j=1

This shows e.g. that for f € F close to zero, the question of whether or not f is infinitely
renormalizable depends only on the size of the averages f, . Consider now a sequence p of
real numbers satisfying

0<pn<2 9,1, n=0,1,2,.... (2.13)
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Given an open set B(y) C By containing zero, define By = B(v) and
Booi={fe€Bn:|Ifall <pu}y n=01,2,.... (2.14)

The bound (2.12) shows that B, is contained in the domain of N, .

Theorem 2.4. Ify > 7, then there exists a sequence p satistying (2.13), and a non-empty

open neighborhood B(v) of the origin in F, such that M, = (\._, B,, is the graph of an
analytic function M : (I — E)B(y) — EB(y). Both M and its derivative vanish at the
origin.

A proof of this theorem is given in Section 5. The reducibility of functions f belonging
to M = M, will be proved in Section 6, by iterating the identity (2.6), and using that
fn — 0, in order to estimate the product of the matrices Uy, .

3. Elimination of nonresonant modes

Here we solve equation (2.4) and prove Theorem 2.2. A unit vector w € R% and a matrix
T in SL(d,Z) are assumed to be given. As mentioned in the last section, we also assume
that the cone IC(7/2) contains the orthogonal complement of w, and that 2¢|S| < 7.

Proposition 3.1. If v belongs to I then |w - v| > 0.

Proof. Given v € I , consider its decomposition v = V| + vy into a vector v parallel to
w and a vector v, perpendicular to w. By using that ||v||, [|.S], [[w] > 1, we obtain

1T _
o <olvl <ISI7 Il < ISI7H (ISvll = [lSval)

<SSyl < vyl € Jw - v,

as claimed. QED

Given any n X n matrix C, define C'f = fC — Cf for every function f € F.

Proposition 3.2. Assume that ||C|| < o/4. Then the linear operators D,, = w -V and
D = D, + C commute with I, have bounded inverses when restricted to I F, and satisfy

DT || <o, ||DDT'T|| <2, (3.1)

Proof. Clearly, D,, C, and I commute with each other. The first inequality in (3.1)
follows immediately from Proposition 3.1. It implies ||[D;'CI || < 207|C|| < 1/2, and
the indicated bound on D, DT = (I+ D, 16’)*111_ is now obtained via Neumann series.
QED

In the rest of this paper, we will frequently use analyticity arguments. Thus, let us
recall at this point some relevant facts [21] about
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analytic maps. Let X and ) be Banach spaces over C, and let B C X be open. We say
that G : B — ) is analytic if it is Fréchet differentiable. Thus, sums, products, and com-
positions of analytic maps are analytic. Equivalently, G is analytic if it is locally bounded,
and if for all continuous linear maps f : C — X and h : Y — C, the function ho G o f is
analytic. This shows e.g. that uniform limits of analytic functions are analytic. Assuming
that B is a ball of radius r and that F' is bounded on B, a third equivalent condition is
that G has derivatives of all orders at the center of B, and that the corresponding Taylor
series has a radius of convergence at least r and agrees with G on B.

Another fact that we will use repeatedly is that F is a Banach algebra, i.e., we have

Ifgll < [If[[llg]l for all f,g € F.
In the remaining part of this section, f € F is fixed but arbitrary, C' = Ef, and

h = f — C. We seek a solution of equation (2.4) of the form U = exp(D1u), with u a
function in T F. In order to simplify notation, EF will be identified with GL(n,C). A
short computation shows that

T Uf=u—1(u), (3.2)
where
Y(u) = -1 [(D,D ') E; + (DuE;)E; + Ef hE; (3.3)
+ CE; + (D™ 'u)CE; + ES CE;]
and .
Ef =Y %(:l:D_lu)k, m=0,1,.... (3.4)
k=m

Proposition 3.3. Assume that |C|| < /6 and ||h|| < 27%. Let r = 2780, and denote
by B, the closed ball of radius r in I F, centered at the origin. Then 1) has a unique fixed
point u, in B, , and

lug || < A (3.5)

The map (C,h) — u, is analytic on the domain defined by the given bounds on C and h.
If f is real-valued, then so is u; . Furthermore, if f belongs to A then U, = exp(D™1u;)
belongs to &.

Proof. First, recall that e® < (1 —x)~! whenever 0 < z < 1. This fact will be used below
and in subsequent proofs.

A straightforward estimate, using Proposition 3.2 and the Banach algebra property
of F, shows that 1 is an analytic map from the space I F to itself, satisfying the bound

()| < e Tl (|| + 100~ |ul?) . (3.6)

Notice that 1(0) = —I h has norm < r/2. Thus, if we prove that ||[Dy(u)| < 1/2 for
all w € B, , then the existence and uniqueness of a fixed point u, € B, follows from the
contraction mapping principle.
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Let u € B, and g € F be fixed but arbitrary, with ||g|| = 1. Define ¢ : C — F by the
equation ¢(2) = ¥(u + 2zg). If |2| < R = 27%0, then u + zg is bounded in norm by o /48,
and by using (3.6), we find that

le()ll < IRl + 1107 u + 2g]* < R/2. (3.7)
Thus, by Cauchy’s formula,

1Dy (uw)gl = ll¢' ()] < R~ |S|u:pRH<,0(Z)H <1/2. (3.8)

As mentioned above, this proves the existence and uniqueness of the fixed point u, in B, .
By equation (3.6), this fixed point satisfies

gl < & (120 + 351lusll) (3.9)

which implies the bound (3.5).

The analyticity of the map (C,h) — u, follows from the uniform convergence of
the series (3.4) and of the sequence ¥™(0) — u,, together with the chain rule. If f is
real-valued, then the equation (3.3) shows that ¢™(0), and thus u, as well, is real-valued.
Similarly, if f belongs to A then so does u, , implying that U, € G. QED

For reference later on, we note that Proposition 3.3 and Proposition 3.2 imply the
bound

U, — 1) < exp(30 [T - E)f]) — 1. (3.10)
Lemma 3.4. If f = C + h, with ||C|| < ¢/6 and ||h| < 27 %, then
[(Us)uf =T f]| < 160~ ||A||. (3.11)
Proof. An explicit computation shows that

U)of =1 f =T [(D.D ') Ef + (Do EF)E; + hEy + EfhEy

(3.12)
+ CE; + (D~ 'u)CE; + ESCE;].
Using Proposition 3.2 and the Banach algebra property of F, we find that
@) f =T f| < b 1 (o=l |12 + 100~ [luy]|?) (3.13)

The estimate (3.11) is now obtained by substituting the bound on ||u,| from Proposi-
tion 3.3. QED

Proof of Theorem 2.2. Using the definition (2.5) of AV, the function h in equation (2.7)
is given by

h=T[Uh+ W) f—17f].



Renormalization and Reducibility of Diophantine Skew Flows 11

The given bounds in (2.7) now follow from Lemma 3.4 and Lemma 2.1. In particular, we
have 3
[B]) < 77 (IRl + 160 [R]1?) < 5377 (IR, (3.14)

as claimed. The analyticity of N follows from the analyticity of the map f — wu,, the
uniform convergence of (3.4), and the chain rule. If f is real-valued, then so is u; by
Proposition 3.3, and thus NV(f) is real-valued as well. QED

The following facts about torus-translations will be used later on. If f is a function
on T? and p a point on this torus, define (R,f)(¢) = f(q + p) for all ¢ € T¢. These
translation operators R, commute with the projections " defined in (2.3). As a result,
they also commute with f — U, as can be seen from our construction of this map. A
straightforward computation now shows that

NoR,=Rr,oN, peT?. (3.15)

4. Choice of integer matrices

We give a brief description of the the multidimensional continued fractions expansion of
[19], which is based on the work of [24,25] on geodesic flows on homogeneous spaces. Then
we use the estimates from [19] on the resulting integer matrices P,, to prove Theorem 2.3.

Let F' be a fundamental domain for the left action of I' = SL(d,Z) on G = SL(d,R).
Consider the one-parameter subgroup of GG, generated by the matrices

E! = diag(e‘t, et e(d_l)t) , teR, (4.1)

and the corresponding flow on the quotient space I'\G, defined by TW — I'W E®. Given
a vector w € R? of the form w = (w, 1), define W € G to be the matrix obtained from the
d x d identity matrix by replacing its last column vector by w. Then, for every t € R, there
exists a unique matrix P(t) € T such that P(t)W E® belongs to F. To a given sequence
of “stopping times” ¢,, > 0 we can now associate a sequence of matrices P, = P(t,). The
corresponding matrices T}, and S,, are defined as in (2.8).

Let 0 = 8/(d + f3).

Theorem 4.1. ([19]) There are constants cy,ca,c3 > 0, such that the following holds. If
w = (w, 1) is any vector of length less than d, satisfying the Diophantine condition (1.7),
and if n — t,, is any sequence of stopping times, with to = 0 and t, = t,, —t,,_1 > 0, then
the bounds

IPH < crexp{(d — 1+ 0)tn},

|Snll < caexp{(d—1)(1 —0)dt, +dbt,}, (4.2)
1Sn€||l < esexp{—(1 —0)dt, +dbOt,_1},
hold for all integers n > 0, and for all unit vectors & € R? that are perpendicular to P, _jw.

Remark. The condition ||w|| < d was added in this theorem to have constants ¢ that do
not depend on the length of w. For an arbitrary Diophantine w € R?, it is always possible



12 HANS KOCH and JOAO LOPES DIAS
to permute basis vectors in R%, and to rescale w, in such a way that the last component is
equal to 1 and [|w]| less than d.

Define now
On = ope” Win Tn, = 1o exp{—[(d — 1)8 + 1]0t,, + dbt,}, (4.3)

with o9 = 709/(3¢2) and 79 = 2¢3. Then the first two inequalities in (2.9) are an immediate
consequence of the last two bounds in (4.2). In addition, we have

TiTy - Tn < 75 exp{—(1 — 0)t,, +dbs,_1}, (4.4)

where s, = t1 +to + ...t,. Define p = (v 4+ 1)(1 — ) — d. Consider the constants A,
defined in (2.8). By using the trivial estimate A1 < ||P!||, together with the first bound
in (4.2), we obtain

P H (47))ooo, L1 < 14" 7)™ exp{—pt, +yd0s,_1 +d Sty }. (4.5)
k=1

This implies the third inequality in (2.9), provided that the sequence {t,,} can be chosen
in such a way that the right hand side of (4.5) is less than 1. To this end, let

th =c(l+a)", n=12 ...,

with ¢,a > 0 to be determined. By using that §t,,1 = at, and s,_; < a~'t,, we find
that

N T () o000y < 4™ expf—ec(1 + )"}, (4.6)
k=1

where € = u — ydfa~! —da. The goal is to choose « in such a way that € > 0. Then by
taking ¢ > 0 sufficiently large, the right hand side of (4.6) is less than one, for all positive
integers n, and the third bound in (2.9) follows. The condition ¢ > 0 is a quadratic
inequality for «, which is satisfied by o = u/(2d), provided that pu? > 4v0d?. An explicit
computation shows that ;2 is larger than 4v6d?, whenever

ﬁ[(1_9+2d9)+2\/5\/d2—(1—9)(d2—d+1—0) —1. (4.7)

v >
The same condition also guarantees that p, and thus «, is positive. Substituting 6 =
B/(d+ () into the inequality (4.7), one gets the equivalent condition v > ~,(53), with v,(3)
as defined in equation (1.9). Finally, substituting the bound (4.7) on + into the definition
of p yields a = p/(2d) > df/(1 — 0), which shows that 7,11 = 79 exp{[—(1 — 0)a + db]t,.}
tends to zero as n — oo. Taking ¢ > 0 sufficiently large ensures that 7,, < 1 for all n.
The analogous property 1 > o0,, — 0 follows now from the first inequality in (2.9). This
completes the proof of Theorem 2.3.
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5. The stable manifold

In this section, we define RG transformations for families of functions in A, parametrized
by 2. These transformations 91, are then used to prove Theorem 2.4 and some other
estimates that are needed later on. 91, acts on a family F : 2 — A by composing it from
the left with V,, , and from the right with a reparametrization map on 2 that depends on
F. Recall that N,, is naturally defined on an open domain in F, but that its restriction
to A takes values in A. The situation is analogous for IM,, , since, as will be clear from the
construction, the reparametrization map takes real values for real arguments, whenever F'
is real. Thus, no generality is lost by assuming that & = GL(n,C). We will do this in the
remaining part of this paper, unless specified otherwise.

We start with a preliminary estimate on inverses of some simple maps. Denote by b
the open unit ball in 2, centered at the origin. Consider the space U of analytic functions
U :b— U, equipped with the sup-norm.

Proposition 5.1. Let 0 < A < 3, and let U € U with ||U|| < 5. Define A(A) = A for
every A € . Then A= +U has a unique right inverse A +V on b, with V belonging to U
and satisfying ||V || < A[|U||. The map U + V is analytic on the domain in U defined by

the given condition on U.

Proof. If A is a matrix in 2 of norm less than 2/3, and C' a matrix in 2 of norm one,
then from Cauchy’s formula, we obtain

IDU(A)C] <3 sup [[U(A+2C)|| < 3||U[| < 3/2. (5.1)
|z|=1/3

Now consider the equation for V', which can be written as (V) = V', with ¢ defined by
(V)= =AU o (A + V). Denote by B the closed ball of radius » = 1/3 in U, centered at
the origin. Then v is analytic on B, with derivative given by

Dy(V)H = =X((DU) o (A+V))H. (5.2)

By equation (5.1), we see that ||[Dy(V)| < 1/2, for all V' € B. Since [[1(0)]| < r/2, the
map 1t is a contraction on B, and thus has a (unique) fixed point in B. This fixed point
V satisfies [|[V|| = [|[¢(V)| < A|U]|. The analyticity of U — V follows form the uniform
convergence of Y™ (0) — V for [|[U|| < 1/2. QED

Next, let pg = 27 oy and
pn =\, 1477 g Ty = HTj, n=12.... (5.3)
j=1

For every integer n > 0, define A, to be the vector space 2, equipped with the norm
Is|l. = p,,;ls]|. Denote by b,, the open unit ball in 2, , centered at the origin. Define B,
to be the space of analytic families F' : b,, — A, equipped with the norm

[1Fln = sup [F'(s)]ln - (5.4)

s€by,
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The inclusion map from 2/, into EA will be denoted by FY. In other words, F°(s) = s.
Notice that F° has norm one in 5, .

Let n > 1. By Theorem 2.3, we have p,_1 < 274" %¢,, . Thus, if ||F|,_1 < 273,
then F'(s) belongs to the domain of N, , for all s € b,,. We can associate to each such F’
an analytic map

Yo =E(N, o F) (5.5)

from b,_1 to 2, . Notice that, by Theorem 2.2, if F' takes real values for real arguments,
then so does Y;, . On the space of analytic maps b,,—1 — 2, we will use the topology of
uniform convergence (sup-norm).

Proposition 5.2. Assume that F € B,,_; satisfies |F — F°||,,_; < 1 and EF = F°. Then
Yo r i bp—1 — 2, has a unique right inverse Yn*} : by — bp—1. Both Y, r and its right
inverse depend analytically on F', on the domain defined by the given condition on F'.
Furthermore,

1Yo r(5) =1 tslln 274 er )™ |[F = FOllyy, s € o,
DYy p(s) —n || <274 Cer? ™ ||F — FO\oy, s€by_q, (5.6)
1Y p(5) = mnslla-1 < 27" lerl |F = FOlp-n s € bn .

Here, 1 denotes the inclusion map from 2,,_1 into 2, , and € = 24" 65 1| F — FO|| < 1.
Proof. By Theorem 2.2, the map Y =Y, r satisfies the bound

1n,Y (5) = s|| = [|nENL(F(s)) — s|| < |EF(s) — s|| + 160, ') [|(I— E)F(s)||*
= 160, ' 7Y ||F(s) — s||> < 27" 21| F — || (5.7)

= 2_4”673_”1%%“1’ - F0||n—1 )

with € as defined above, for all s € b,_;. Dividing both sides by n,p, yields the first
inequality in (5.6). The inequality € < 1 follows from the fact that ||F — F°|| < p,_1 <
2—4n—6 O -

Consider C' € 2 of norm one, and z € C of absolute value < 2%. Given the allowed
size of ||C]| in Theorem 2.2, the bound (5.7) still holds if s is replaced by s+ zC'. Thus, the
second inequality in (5.6) is obtained from the first, using a Cauchy estimate with contour
|z| = 26.

In order to simplify notation, if A is a scalar, then the map s — As will be denoted by A
as well. Let now A = n,p,/pn—1. Consider the space U introduced before Proposition 5.1.
Then U = p,,; *(Y —n,;})pn—_1 belongs to U. By using the first inequality in (5.6), we obtain

1) < o 1Y =05 ) (o)l < 274, (5-8)

for all s € 2 of norm less than 1. Notice also that A = ;)1 /4 < 1/4. Thus, Proposition 5.1
guarantees the existence of a unique right inverse A + V for A= + U, with V belonging
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to U. This yields the right inverse Y~ =n, + p,_1Vp, ! for Y on b, . The bound on V
from Proposition 5.1, together with the first inequality in (5.6), implies that

Y= (s) = mmsll = pa-rllV (o5 )| < 200puIU]] < 20mpnllY = 1" [l

5.9
<o lerip L IF = FO s (59)

for all s € b,, . Dividing both sides by p,_1 yields the third inequality in (5.6).
The analytic dependence on F, of the function Y,, r and its right inverse, follows from
Theorem 2.2, Proposition 5.1, and the chain rule. QED

This proposition allows us to define the n-th step RG transformation 91, and the
composed RG transformation O, for families by

No(F)=NpoFoV, 1, My=NpoNy_q0...0M. (5.10)

Notice that EM,,(F) = FY. In particular, since N,, maps constant functions to constant
functions, FY is a fixed point for 91,,. The domain of 9, is the set of all F € B,_;
satisfying ||F — F°||,—1 < 1 and EF = F°. Clearly, :M,, is analytic on this domain.
In what follows, we assume that v > v > 7;. Let K < 1 be a fixed positive real
number satisfying
8T K < 1/16, (5.11)

for all integers n > 0. Such a number K exists by Theorem 2.3.

Lemma 5.3. If Fy € By satisfies |Fy — FO||g < K and EFy = F°, then M, (Fy) is well
defined for all n > 1, and satisfies

19, (Fo) — FO| < 8"my =™ || Fy — F°|lo . (5.12)

Proof. Let m > 1, and let F' be an arbitrary family in the domain of 0,,. Fix s € b,,,
and define s’ = Yn;’lF(s). By Theorem 2.2 and Proposition 5.2, we have

P 19 (F)(5) = FO(s)|| = o (T = E)Nw (F ()| < 277,15 0 [|(T = E)F(s)|

5.13
=870 o [ F(sT) = FO(s)]) - 19

Consider now Fp in the domain of 91; , and assume that the claim of Lemma 5.3 holds for
all n < m. By setting F' = N,,,_1(Fp) in inequality (5.13), we obtain

19 (Fo) — FO|, < 8707 | Mes (Fo) — FO|_, < 8™al M IF — FOll. (5.14)

This proves (5.12) for n = m. Under the given assumptions on Fy, the right hand side of
this inequality is less than 1, which shows that 0M,,(Fy) belongs to the domain of %, 41 .
QED

In what follows, the set of families satisfying the assumptions of Lemma 5.3 will be
referred to as the “domain of M”. If F{y is any family in this domain, define

Fn:mn(FO)a Yn:Yn,F

n—17

Zmpn =Y, 110...0Y, oYt (5.15)
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for all integers 0 < m < n.

Proposition 5.4. Suppose that F' belongs to the domain of M. Then there exists a unique
sequence m +— zp, € by, satisfying

Zm-1 =Y. (zm), m=1,2,..., (5.16)
and this sequence is given by the limits z,, = lim,_ oo Z, n(0). The maps F — z,, are

analytic on the domain of n. Furthermore, if F' takes real values for real arguments, then
Zm 1S real.

Proof. Let Fy = F. We start by establishing a contraction property for Y, !. Let s € b, .
By using Proposition 5.2, and the fact that |[7,s|/,—1 = 177*[|s]|» , we obtain

1Yo ()1 < Inslln—1 + 1Y, (5) = nslln—1 < 9/32. (5.17)

Thus, Y, ! maps b, into b,_1/3. Furthermore, by Cauchy’s formula, the derivative of ¥,
on the closure of b,,/3 is bounded in norm (as an operator from 2,, to 2,,_1) by 1/2.

Consider now an arbitrary sequence n +— s, € b, , with the property that s, belongs
to the closure of b,,/3 for n > 1. Notice that if a sequence n — z,, € b, satisfies (5.16), then
it automatically has this property. Define s,, , = Z,, n(syn) for all integers 0 < m < n.
By the contraction property of the maps Y;_1, we have [|Sp.x — Smnlln < 2™™" whenever
1 <m < n < k. This shows that n — s,, , converges as n — oo, and that the limit 5, is
independent of the sequence {s,}. In particular, we see that §,, = z,, by choosing s, =0
for all n. The identities (5.16) are obtained by choosing s,, = z,, for all n.

By Proposition 5.2, the maps F' — ;0 = Z,»(0) are analytic on the domain of
M. The analyticity of F' — z,, now follows from the uniform convergence of s, , — zp, .
If F,,_; is real (takes real values for real arguments) for some n > 0, then so is Y,,, as
mentioned earlier, and thus also Y, ! and F;, . By induction, we see that all matrices Sm,n
are real whenever F' is, and the same holds for the limits z,, . QED

Denote by B’(v) the ball in (I — E)A, of radius Kpy, centered at the origin. Define
B(y) = by @ B'(y), that is, f € A, belongs to B(y) if and only if f € by and h = f — f
belongs to B’(7).

Consider now the set M., defined in Theorem 2.4, with B() as described above.

Corollary 5.5. Let F' be a family in the domain of ‘YK, and let s € by. Then F(s) belongs
to M., if and only if s = zo(F).

Proof. Consider first f = F'(z). Set f, = F,(z,) for each n > 0. By the definition of 91,, ,
and by Proposition 5.4, we have f,, = N,,(fn_1) forn =1,2,..., and f, = EF,(2,) = 2,
belongs to b, . This shows that f € M., .

Consider now a fixed s = s¢ in by , and assume that fo = F(so) belongs M., . Then we
can define f,, = ‘Yin(f) for all n > 0, and s,, = f,, belongs to b, . Set Fy = F. Proceeding
by induction, let n > 0, and assume f,_1 = Fj,_1(sp—1). Since s, = Y,,(s,—1), and since
Y, has a unique right inverse on b, by Proposition 5.2, we have s, _1 = Y, 1(s,). As a
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result, f, = F,,(s,). This shows that s, = Y,,(s,—1) holds for all n > 0, and thus s,, = z,
by Proposition 5.4. QED

Proof of Theorem 2.4. To a function h € B’(7y) we associate the family F': s — s+ h.

This family belongs to the domain of M. Now define M(h) = zo(F). By Corollary 5.5,
h+ s = F(s) belongs to M., if and only if s = M (h). This shows that M, is the graph of
M over B'(y).

The analyticity of M follows from the analyticity of zg . Furthermore, we have M (0) =
20(FY) = 0. The identity DM (0) = 0 follows from the fact that, by Proposition 5.2, the
derivative of I +— Ynj}, vanishes at F°, for each n > 0. QED

The following estimate will be used in the next section. Denote by I,, ,,, the inclusion
map from 2, into 2, .

Proposition 5.6. Let F' be in the domain of M. Then the map Z!, =Y, o---0Y] satisfies
1DZ;,(5) = An Lol < 270N ool (5.18)
for all s in the image of b,,_; under Zy 1 .

Proof. Define sp_1 = Yk_l(sk) for k =n—1,...2,1, starting with a fixed but arbitrary
Sp—1 € b,_1. By using Proposition 5.2, and the fact that the inclusion map from 2A;_1
into A has norm pg_1/pr = 4nk71;71, we obtain

IDYi(sion) < (14275, g Lo | (5.19)

with ¢ = 7] || Fr—1 — FOHI.€ 1 < 1. Taking products, the norm of DZ} (s¢) can be bounded
by twice the norm of A\ Ik o. Thus,

IDZ,,(s0) — Ay Lol = HDY ($n—1) -+ DYa(s1)DY1(s0) — A, ool

< 2”77 77k;—|—1 nk[DYk(Sk 1) — nk_lIk,k—l]DZl/cfl(SO)”

< Z 27 ey - [|A, Tn0ll

and the inequality (5.18) follows. QED
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6. Reducibility

The main goal in this section is to prove Theorem 1.1.
Consider first the flow ®y for a general vector field X = (w, f.) The identity

L) =1+ / Fla+ sw)®: () ds. (6.1)

can be used to construct and estimate ®y. By applying first the contraction mapping
principle, and then the cocycle identity for &y to improve the result, we obtain

Jor —1|| <l —1. (6.2)

This bound holds for any v > 0, provided that f € A, .

Consider now fy € M, and the corresponding renormalized functions f, = ./C/’n( fo)-
In order to simplify notation, the transformation Uy, and the flow ®(,, ; ) will be denoted
by U, and ®,, , respectively.

Lemma 6.1. Let fo € M., . For each n > 0 there exists V,, € Go such that
Ol (q) = Valg+tw,) 'Valg),  teR. (6.3)
These function V,, satisfy the relations V41 = (V,, o T),41)U,, and the bounds
Vo = Tllo < 2* 7"y oy I foll - (6.4)
Furthermore, the maps fy +— V,, are analytic.
Proof. By equation (2.6), we have
©1,(q) = Vinn (g + twp) O (T T19) Vi (4) (6.5)
for m > n > 0, where
Vinn(@) = Un—1(Tn—1-+ Tny19) - Uny1(Tr119)Un(q) - (6.6)

For convenience later on, we also define V,, ,, = I. Using the notation of Section 5, we have
fn € 2b, and thus

||77m c 77n+1tfn||’y < 2/\;1)\um|75| <2. 4_m)‘7_11p0|t| . (67)
If m is sufficiently large, then (6.2) leads to the bound

@t =1, < 47N ol (6:8)

Thus, Pyt converges in Gy to the identity, as m — oo, uniformly in £ on compact
subsets of R.
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Consider now the factors U; in the product (6.6). By Theorem 2.2 and Theorem 2.3,
Ll <27 0 = 2% folly < 1 (6.9

Oniillhnlly < Tn & € oy lfolly <1. 9)

Combining this with the estimate (3.10), we obtain

277177

10, ~ Tl <27 Tm1 e, Ul <& (6.10)

Notice that [|[U o T||o = ||Ullo < ||U||y for any matrix 7" in SL(d,Z), and any U in F, with
~ > 0. Thus, the bounds (6.10) can be used to estimate the product (6.6) in Gy. We have

m—1
—n—6
Vinmllo < T 11014 <€ 775, (6.11)
j=n
and as a result,
k—1
||Vk,n - Vm,nHO S Z H(Uj - I)‘/},n||7 S 2_m_57TZ_71€, (612)
j=m

for k > m > n > 0. This shows that the limits V;,, = lim;,_o Vin,» exist in Go, and
that they have the properties described in Lemma 6.1. The analyticity of fy +— V,, follows
from the uniform convergence of V,,,, — V;,, combined with the fact that the map M
defining the manifold M., , the RG transformations N, , and the map f — Uy described
in Proposition 3.3, are all analytic. QED

Proposition 6.2. The manifold M., is invariant under the torus-translations R, , and the
map fo — Vi defined by Lemma 6.1 commutes with these translations.

Proof. First, we note that the translations R, are isometries on F and commute with E.
This shows in particular that B(vy) is invariant under R, .

The identity (3.15) shows that R, fp belongs to the domain of N,, whenever fo does,
and that N, (fo) and N, (R, fo) have the same torus-average. From the definition (2.14)

of the sets B, whose intersection is M, , it is now clear that M., is invariant under
torus-translations.

The fact that fo — Vp commutes with R, follows from an explicit computation, using
the identities (3.15) and (6.6). QED

Lemma 6.3. Let v > v2 > 1 and € = v — . If fo € M., then the function V described
in Lemma 6.1 belongs to G. and has a directional derivative D, Vy in F.. As elements of
Fe, both Vy and D,,Vy depend analytically on f,. Furthermore, if fy is the restriction to
T¢ of an analytic function, then so is Vj .

Proof. In order to avoid possible ambiguities, assume first that v = 5 . Denote by H and
H the maps that associate to each f € B'(y2) via fo = f+M(f) the corresponding function
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Vo and the value V;(0), respectively. Proposition 6.2 implies that R,Vy) = H(R,f), and
thus
Vo(p) = H(Rpf),  peT.. (6.13)

By Lemma 6.1 the function H is bounded and analytic on B’(73). Consider its Taylor
series at zero,

H) =S Halfsoor ). (6.14)
n=0

where H,, = D"H(0)/n!. Let r be a fixed but arbitrary positive real number less than
Kpo . Then the series (6.14) converges absolutely in the ball || f||, < 7, and the derivatives
of H satisfy a bound |Hy,|| < cr™" as n-linear functionals on A”, .

Next, we allow v > 75 but keep H as a function on B’(72). Concerning the condition
fo € M, in Lemma 6.3, we note that M., = M., N B(y), which follows from the definition

(2.14) of the sets B, , and from the fact that B(y) is a subset of B(72).
Assume now that f belongs to B’(7) and satisfies ||f||y < r. If we use the expansion

R,f=Y FE(p). Flo)=FfFE(0), FElg)=e"1, (6.15)

veZa

where f, are the Fourier coefficients of f, then V can be represented as follows:

Vo)=Y > Hu(F,....F,)E,(p)-- B, (p). (6.16)

n=0 vy,...,v, €74

By using the bound
|Hn(Fl/1a - 7Fvn)| <cr™" H HFVj Hw =cr " H Hij “HEVJ H% ) (6.17)
=1 =1

and the fact that || E, |+, [|Ev]e = ||Ev],, we obtain

Vol <> > e TLIfIIE, I,

n=0 Vl?"~7VTL€Zd ]:1

— oS (v HfVHHEVH)Z;.
Z< 2 ) ST,

vEeZ4

(6.18)

This shows that V) € G., as claimed. From the identities (6.1) and (6.3), we see that
D, Vi belongs to F. . The analytic dependence of V; (and thus D, Vp) on f follows from
the uniform convergence (6.18) of the Taylor expansion for f +— Vj on any ball ||f|, </
with 7 < r < Kpg. Finally, if f is the restriction to T of an analytic function, then due
to the exponential decay of the Fourier coefficients f, , we have

Py IR B e’ < 1, (6.19)

vEZ4
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for > 0 sufficiently small. By using this bound to estimate the sum (6.16), one finds
that the sum is absolutely convergent in the region |[Im(p;)| < §/2. Thus, V; extends
analytically to this region. QED

The following lemma concerns the situation described in the introduction, where f =
fo is of the form (1.10). These functions f define a closed linear subspace A# of A, , which
can also be characterized by the identity

flg+0,7) =e "7 f(q)e"7, qgeT?, reR’. (6.20)

Lemma 6.4. Let v > 2 + 1 with 72 > 71, and assume that fo belongs to M, N A}r . Set
f=foand V =Vy. If g = O, f, then the flow for Y = (w, g.) is given by equation (1.12),
for some C € A. The corresponding map fo +— C' is analytic.

Proof. The first equality in (1.12) follows from Lemma 6.1 and the definition (1.11). Define
¢'(z) = V(o +tw)@y (z)V(z) (6.21)

for t € R and x € T™. Notice that ¢ is the flow for a skew system Z = (w,h.) on T™ x &,
and since V' € G; by Lemma 6.3, the function h belongs to Ay .
From the first equality in (1.12), we have

o' (z) = V(x4 tw)e' MV (z + tw) ! . (6.22)

Consider now an arbitrary sequence {t;} such that t;x — 0 on the torus T*, as j — oo.
Then exp(t; - J) — L. Furthermore, dist(t;w,t;w) — 0 on the torus T%, and since V is of
class C!, we have ¢'™% (x) — ¢'(z) uniformly in z, if ¢ = 0. By the cocycle identity for
the flow ¢, the same holds for any ¢ € R, and the convergence is uniform in ¢. This implies
(see e.g. [22]) that the function t — ¢'(x) is periodic or quasiperiodic, with frequencies in
K ={K1,...,ke}. As a result,

h(z +tw) = ¢ ()¢ (x) " (6.23)

is also periodic or quasiperiodic in t, with frequencies in K. But the frequency module
of t — h(x 4 tw) is clearly a subset of W = {wy,...,w,,}, and since W N K is empty, h
has to be constant. Setting C' = h, we obtain ¢'(x) = €'“, and the identity (1.12) now
follows from (6.21). A Computation of h(x) from the equations (6.23) and (6.22) yields
C=VAV~! —(D.V)V~! evaluated at z. This identity (between matrices, if z is fixed),
together with Lemma 6.3, ShOWS that C' depends analytically on f. QED

In order to complete the proof of Theorem 1.1, consider now the case where & is
a proper Lie subgroup of GL(n,C). By Proposition 3.3, the restrictions to A of the
transformations N, take again values in A, and so the transformations N, preserves the
subspace of families taking values in A. Thus, the map M described in Theorem 2.4 takes
values in A when restricted to A, as claimed in Theorem 1.1. Similarly, the fact that
U, € G whenever f = fy € A implies that the matrices (6.6) belong to &, and so the same
is true for the limit V = V{(q). The same arguments apply to the case where & is a Lie
subgroup of GL(n,R), if we use that by Proposition 5.4, the parameter values zy defining
the map M are all real in this case. The remaining claims of Theorem 1.1 now follow from
Theorem 2.4, Lemma 6.1, and Lemma 6.3.
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7. The special case 8=SL(2,R)

In this section, & is the group of unimodular 2 x 2 matrices over R, and 2 is the corre-
sponding Lie algebra of real traceless 2 x 2 matrices. As explained in the introduction, our
approach to skew flows with nonzero fibered rotation number is to convert them to skew
flows with zero (or near-zero) rotation number, which involves increasing the dimension of
the torus. As far as renormalization is concerned, the main difficulty with this approach is
that the space A! of functions f of the form (1.10) is not invariant under renormalization.
Superficially, the fact that the torus-average of f € A! is necessarily a constant multiple
of J may seem to explain the statement about one-parameter families in Theorem 1.2.
However, this property is neither invariant under renormalization, nor does is guarantee
that the flow for X = (w, f.) remains bounded. Below we will introduce an alternative
property, that is more closely linked to hyperbolicity, and invariant.

First, we give a simple sufficient condition for a skew system to have nonzero fibered
rotation number.

Proposition 7.1. If det(f(q)) > 0 for all ¢ € T¢, then o(X) # 0.

Proof. If we set 7(t) = tr(J f(q)) and §(t) = det(f(q)), with ¢ = go + tw, then an explicit
calculation shows that (1.14) can be written as

26 = —7 + psin(2a + G), p=\12—-46, (7.1)

for some angle 3 depending on f(q) and on ug . Notice that 72 > 44, since f(q) is traceless.
Thus, if f(q) is always elliptic (6 > 0), then & is bounded away from zero and the rotation
number cannot vanish. QED

One of our goals is to show that a vector field X = (w, f.) with f € A! close to
zero cannot generate a hyperbolic flow, by excluding the possibility that the renormalized
functions f,, have the following property.

Definition 7.2. Let S! be the set of unit vectors in R?. We say that a vector field
X = (w, f.) has the expanding cone property if for every q € T?, there exists an open
cone C(q) in R? not intersecting its negative, with vertex at zero, and a unit vector u(q)
in this cone, such that the following holds. The map q — S NC(q) defines two continuous
functions from T? to S'. The function q — u(q) is continuous as well, and homotopic to a
constant. Furthermore, for every q € T?, the cone ®(q)C(q) is contained in C(q + tw) for
all t > 0, and the length of ®! (q)u(q) tends to infinity as t — oo.

We note that the expanding cone property is invariant under coordinate changes of the
form (2.1) or (1.5), with V' continuous and homotopic to the identity. A simple condition
that implies this property is given in the following proposition.

Proposition 7.3. Assume that f : T — 2l is continuous and of the form f = C + h, with

C € A symmetric and ||h(q)|| < ||C||/4 for all ¢ € T¢. Then X = (w, f.) has the expanding
cone property.

Proof. Our assumptions imply that the eigenvalues of C' are £|C||. Let up be a unit
eigenvector of C' for the eigenvalue ||C|, and define Cy to be the set of all nonzero vectors
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in R? whose angle with wug is less than 7/4. Consider first the case f = C. Then for every
nonzero v on the boundary of Cy , the vector fv points to the interior of the cone Cy. Thus,
the solutions of equation (1.13), with initial condition vy in Cy, remains in Cy for all times
t > 0. A straightforward computation shows that under the given assumptions of h, the
same remains true for f = C' + h. Thus, X has the expanding cone property, with the
family of cones being g — Cp, and with u(q) = ug for all g. Notice that no condition on w
is needed. QED

Lemma 7.4. If f belongs to A' then X = (w, f.) cannot have the expanding cone property.

Proof. Consider first an arbitrary f € A such that X = (w, f.) has the expanding cone
property. Let ¢ € T¢ be fixed. Using the notation of Definition 7.2, denote by A(q) the set
of all nonzero vy € R? such that v(t) = ®(q)vy belongs to C(q + tw) for some (and thus
each sufficiently large) positive ¢. This set is clearly open. Notice that if vy is any nonzero
vector in R?, with the property that v(t) = ®%(q)vg tends to infinity as ¢ — oo, then vg
belongs to either A(q) or —A(q). This follows from the fact that ®!(q) is area-preserving
(so the angle between v(t) and ®!(q)u(q) has to approach zero), and that the opening
angles of our cones are bounded away from zero. Thus, given that the two disjoint open
sets +£A(q) cannot cover all of R? \ {0}, it is not possible that |v(t)] — oo as t — oo, for
every nonzero vg € R2.

Assume now for contradiction that f belongs to A!. Define z.(z) = e¢"/u(q), with
u as described in Definition 7.2. Then ®f(z)z.(z) = ")/ L (q)u(q) tends to infinity
as t — oo. But as r increases from 0 to 27, the vectors z,.(x) cover all of S, since u is
homotopic to a constant function. This implies that ®f (z)vg tends to infinity (in length)
for each nonzero vy € R?, which was shown above to be impossible. QED

Now we are ready to renormalize. Denote by J the one-dimensional subspace of 2,
consisting of real multiples of the matrix J.

Lemma 7.5. Let h € A' N B’(v), and define F(s) = h + s for s € by. Then the (unique)
value s = zo(F') where the family F intersects M., belongs to J, and it is the unique matrix
in bg N J for which F(s) has a zero fibered rotation number.

Proof. Recall that zg = zo(F') is real, by Proposition 5.4. Assume for contradiction that
2o does not belong to J. Then for sufficiently large m, the sets Zg ,,, (b /3) have an empty
intersection with J. Denote by n the smallest value of m for which this intersection is
empty, and define J, = Zy p—1(bn—1/k) N J.

Let 7 = |9, 'L, ,n—1]|- The bound (5.19) shows that the image under Y, of 3b,_1 is
contained in £b, , and that the image of b, 1 contains %Tbn. The first property implies
that Z(J3) intersects Lb, at some point s outside zb,. Now consider the connected
component of Z/ (J;) containing s. By Proposition 5.6, this curve is sufficiently “parallel”
to J in order to intersect the subspace tr(J*s) = 0 at some point s, = Z, (s¢) that lies
inside Q—?Tbn, but outside ibn. The matrix s, is symmetric with norm > p, /4, and by
Lemma 5.3, we have || F,(sn) — sn|| < pn/16. Thus, by Proposition 7.3, the vector field
for F),(s,) has the expanding cone property. Given that this property is invariant under
coordinate changes of the form (2.1) or (1.5), with V continuous and homotopic to the
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identity, F'(so) has the same property. But since sg € J, the function F(sg) belongs to A,
and we get a contradiction with Lemma 7.4. This shows that zy belongs to J.

Lemma 6.1 shows that o(F(zp)) = 0. Consider now sy € by N J different from 2z .
Then there exists n > 0 such that sg lies in Zy ,,, (by,) for all m < n, but not in Zy ,,(by,),
so the norm of s, = Z/ (s¢) is at least p,. On the other hand, z, = Z/(z9) has norm
less than p,,/3, as was shown in the proof of Proposition 5.4. Thus, ||s, — z,|| > 2||zn]|-
Denote by B and C' the symmetric and antisymmetric parts of s,, — z, , respectively. By
Proposition 5.6, we have ||C|| > 10||B||. In addition, ||F},(sn)—$n| < pn/16 by Lemma 5.3.
As a result, ||C| > ||Fi.(sn) — C||, which by Proposition 7.1 implies that F,(s,) cannot
have a vanishing fibered rotation number. Thus, we cannot have o(F(so)) = 0, since this
property is preserved under renormalization. QED

Proof of Theorem 1.2. We can follow the sketch given after the statement of this
theorem. A straightforward computation shows that |L|| and ||L~!|| can be bounded by
2|k~ A||Y/? Thus, the indicated map g — f = (0,)"'(cL™'gL), with ¢ = ||w||~!, admits
the bound

I£]] < 2274c - 4]~  Allllg — All < 2*716allg - A]|. (7.2)

This shows that the image By under f — g, of the domain B = B(+y) for which Theorem 1.1
holds, contains a ball of radius R = Kr/(2%716a), centered at the constant function A.
The remaining claims of Theorem 1.2 are now an immediate consequence of Theorem 1.1,
Lemma 7.5, and Lemma 6.4. QED
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