BRJUNO CONDITION AND RENORMALIZATION FOR POINCARE
FLOWS

JOAO LOPES DIAS

ABSTRACT. In this paper we give a new proof of the local analytic linearisation of
flows on T2 with a Brjuno rotation number, using renormalization techniques.

1. INTRODUCTION

We define a renormalization scheme for analytic vector fields on the torus T? =
R?/7Z?. The vector fields are required to generate flows of Poincaré type, i.e. there
is a classification by a unique asymptotic slope a (winding ratio) of their lifts to the
universal cover. This winding ratio « is invariant under coordinate transformations of
the torus, up to the action of GL(2,Z), and the renormalization acts on it as the Gauss
map. So, all vector fields with a # 0 are renormalisable, and those with o € R — Q are
infinitely renormalisable.

The renormalization of flows methodology has been used in several contexts such as
Hamiltonian systems e.g. [9, 16, 4, 3, 10, 11, 6, 13, 12], and toroidal flows [14, 15].
In all these works the frequency vectors of the quasiperiodic motions considered are
Diophantine, and in some cases subsets of these of constant, Koch and golden types.
The present approach includes an improved version of the renormalization operators in
[14, 15], done to extend the result in [15] to Brjuno winding ratios. This can then be
applied to other quasi-periodic problems such as the ones mentioned above, extending
them to Brjuno frequency vectors in the lower dimensional case.

The problem we consider in this paper is the analytic “rectification” of the flow
generated by a close to constant vector field. That is to find an analytic conjugacy
between a given flow and a linear one with the same winding ratio. This is equivalent
to the conjugacy to pure rotation problem in the context of circle diffeomorphisms,
for which the rotation number takes the role of the winding ratio. (The two systems
are related by considering the return map to a transversal of the flow.) Yoccoz [17]
found that the set of Brjuno numbers is exactly the set of frequencies for which one can
guarantee such linearisation in the local analytic case. Even if this was done for the
Siegel problem on linearisation of holomorphic maps in the neighbourhood of a fixed
point, the same holds in the circle map ([5]) and Poincaré flow contexts. In this paper
we recover the sufficient part of Yoccoz’s result corresponding to [1, 2].

We say that two flows ¢; and v); on T? are C"-conjugate (or orbit equivalent) if there is
a C"-diffeomorphism h of T? taking orbits of ¢, onto those of 1);, preserving orientation.
Notice that we allow a time change 7 giving more satisfying conjugacy classes. This is
the same to say that two vector fields X, ¥ on T? are conjugate if (57) X oh = DhY .

Theorem 1.1. Take the flow generated by a real-analytic vector field v on T? sufficiently
close to the constant vector field w € R? and with the same winding ratio . Then it is
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analytically conjugate to the linear flow ¢,: & +— x +tw on T?, t > 0, if o is a Brjuno
number. Moreover, the conjugacy depends analytically on v.

We show the above theorem by relating it to the fact that the orbit under renormal-
ization of a constant vector field with Brjuno winding ratio attracts all the nearby orbits
in the same homotopy class. Recall that Brjuno numbers include all Diophantines and
some Liouville, and is a full Lebesgue measure set. Finally, we remark that the conver-
gence of the renormalization does not require the use of its derivatives as in [9, 14, 15].
Thus, it should be useful to the study of C" vector fields for which the renormalization
is not C*.

In section 2 we review the basic properties of the continued fraction expansion of
irrational numbers. We construct the renormalization scheme and proof its convergence
in section 3. The construction of the conjugacy is done in section 4. Finally, in the
appendix A we present a proof of Theorem 3.4 on the elimination of non-resonant modes,
using a homotopy method.

2. CONTINUED FRACTIONS

2.1. Gauss map. Consider an irrational number 0 < o = ay < 1 written in its contin-
ued fractions expansion:

1
a=lay,as,...]= T (2.1)
a+——
as + ...
an € N. Its iterates under the Gauss map are o, = {a; '} = [@n41,...], n € N, that is
1
oy = ———. (2.2)
(pt1 + Qnt
Let £, =[], o, n € NU{0}. It is a well-known fact (cf. [7]) that
Consider the transfer matrices in GL(2, Z):
(n) _ —Qap 1
o[ ). o
In addition, define P = I and
-1
pm =1m 7O = {p”—l p"] neN. (2.5)
qn—-1 Qn ’
This gives the rational approximants p,/q, = [a1,. .., a,] € Q with
1 1
241 Int1 (26)
with a similar relation for p,.
Finally, define the sequences of vectors in R?:
w™ = a;ilT(”)w("_l) = (an, 1)
(2.7)

QM = o1, T TIQ0-D Z (1, —q,).
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2.2. Brjuno condition. An irrational number « is a Brjuno number if
log(q,
yolosldn) 2.8)
n>1 dn

The set of all Brjuno numbers is denoted by BC'.

2.3. Hyperbolicity of the transfer matrices. As we shall see, a crucial step in our
renormalization scheme is to eliminate all far from resonance modes in the Fourier series,
i.e., all terms labeled by integer vectors outside the cone

—{kecZ: |k-w"| <o, k|} (2.9)

for a given o,, > 0, n € NU{0}. We use the norm in R? given by ||(z1, 22)|| = |z1] + | 2]
and the matrix norm ||A|| = max; Y, |A; ;| for a square matrix A = [4, ;].

Lemma 2.1. For all k € I} | and n € N, we have

1T k| < Ay |IK], (2.10)
where
-1 12|
An—l = Un—lHT(n) || +ap 1 n— (211)
[fekem(l
Proof. We write k = kq + ko, where
k . w(n_l)
_ (n—1) (n—1)
ki = T e , k, € span{Q }. (2.12)
Firstly,
=
n -1 || TT ") w || n— -1
1770 ey | = A w0 < o T R (213)
|w w1
since k € I" | and
Tr(n) L n—1
L | Y AL R A CR P!
jwir=D - wt=D] (14 a2 |7
Secondly, using
Tr(n) L _ ||Q ") I
T ksl = 2.15
R e T (2.15)
we get (2.10). O

3. RENORMALIZATION OF VECTOR FIELDS

3.1. Definitions. The transformation of a vector field X on a manifold M by a diffeo-
morphism ¢ : M — M is given by the so-called pull-back of X under :

VX = (D)1 X oh.

As the tangent bundle of the 2-torus is trivial, TT? ~ T? x R?, we identify the set
of vector fields on T? with the set of functions from T? to R?, that can be regarded
as maps of R? by lifting to the universal cover. We will make use of the analyticity to
extend to the complex domain, so we will deal with complex analytic functions.

In the following, A < B means ‘there is a constant C' > 0 such that A < CB’.
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3.2. Spaces of vector fields. Let p > 0 and consider the domain
D,={x € C*: |[Imz| < p/2r}, (3.1)

for the norm ||u| = >, |u;| on C?. Take a Z%-periodic complex analytic function
f: D, — C? on the form of the Fourier series

f(a:) _ Z fke%rika:’
keZ?

with fi € C2. The Banach spaces A, and A, are the subspaces such that the respective
norms

Il = > el e, (3.2)

kec72

I, = D (L 2mk]) | full e (3.3)

keZ?

are finite. A similar Banach space is composed by C-valued functions related to the
ones in A4,. The norm |-, on this space is related to || - ||, in the obvious way such that

I1fllo = 3271 | filo where f = (fi, fo).

. . . ;.
Some of the properties of the above spaces are of easy verification. For any f,g € A}:

o |f gl < [fllollglle
o [[f(@)| <Ifll, <[l fIl, where 2 € D,

o [Fll,5 < 171, with o< p.
Let w € R? — {0}. In the following, we will be studying vector fields of the form

X(x) =w+ f(x), x €D, (3.4)
where f € A,.

3.3. Notion of analyticity. We will be using maps between Banach spaces over C with
a notion of analyticity stated as follows (cf. e.g. [8]): a map F' defined on a domain is
analytic if it is locally bounded and Gateaux differentiable. If it is analytic on a domain,
it is continuous and Fréchet differentiable. Moreover, we have a convergence theorem
which is going to be used later on. Let {F;} be a sequence of functions analytic and
uniformly locally bounded on a domain D. If limy_,, o, Fy = F on D, then F' is analytic
on D.

3.4. Spatial and time rescalings. The fundamental step of the renormalization is
a rescaling of the domain of definition of our vector fields. This is done by a linear
transformation coming essentially from the continued fraction expansion of w = w®.
In addition, we perform a linear reparametrisation of time because the orbits take longer
to cross the new torus.

Let p,_1 > 0 and fix an arbitrary vector field of the form

X(x) = w4 f(x), xeD, ., (3.5)
with f € A, |, n € N. Write the constant Fourier terms through the projection
Ef = f(x)dx = fo. (3.6)
T2
We are interested in the following coordinate and time changes:

Ly:z—TM 2, tem(fo)l, (3.7)



BRJUNO CONDITION AND RENORMALIZATION 5

where
w® . ™)

o) = o B X
The vector field in the new coordinates is the image of the map

X L(X)=71.(f0) L X.

and EL:X = a,_w™ +TWf. (3.8)

That is, for x € L,;'D

P15
LX) =™ + L, (fo) + La(X) (3.9)
where
Lo(fo) = 7alfo) (L= Pu) L fo,
Lo(X) = (o) Li(f = fo),
where P,, stands for the projection of A, over w™.

Notice that £, (cw™ V) = w™, for any ¢ # 0. Moreover, if the winding ratio X is
a, !, then the winding ratio of £,(X) is ;!

n—1»

(3.10)

3.5. Far from resonance modes. Given o, > 0, we define the far from resonance
modes with respect to w™ to be the ones whose indices are in the cone I, = Z* — I+
It is also useful to define the projections It and I, by restricting the Fourier modes to
I and I, respectively. The identity operator is [ =17 + 1T .

3.6. Improvement of analyticity. We now restrict to the set of f € A, , such that
anflﬁnflyw(n) ’ w(n)’
< . 3.11
So, we can estimate 7,(fy) by
.7 N 1443
w 0 n—1
7 fo)l < {%1 - ‘W } S (3.12)
Proposition 3.1. If § > 0 and
0<p, <Lt (3.13)
An—l
then L, as a map from I A, into (I —E)A, is continuous with
~ 2\ [IT]
1gc0n <2 (14 %) E=lya - myx,. (3.14)
n—1

for every X € It | A, |
Proof. With X = w®™™ D 4 f €It | A, ., the claim follows from
~ — , ny—1
IZaX) < ) IT D2 (14 20 T k| ) e T

kel | —{0}
<201+ 2me7 6 ) ITW Y Il exp | (6], + ) T k]
kel —{0}
<201+ 2me7 5 )L TV Y Il exp (o) + 0) A K]
kel —{0}

< 2(1+2me ' )a Ly IT™ (@ = E) flp s
(3.15)
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where we have used Lemma 2.1 and the inequality ¢ < (ed)~'e®, ¢ > 0. O

3.7. Estimate on the constant modes.
Proposition 3.2. Suppose that X = w "V + f € A, | with winding ratio o' ,. Then

1L (fo) | < LX),

Proof. We are going to show that, under the above hypothesis, Y = £, (X) € A, with
winding ratio a;, ! belongs to the subset

Co={Z €Ay [[I-Pn) o E(2)| < |(T-E)Z|,,} .

A set of vector fields D,, that do not cross the line spanned by w can be of the
form:
Du={Z¢e A, |Z(x) ~EZ| < |[(I-P,) oE(Z)|,@ € Dy, } .

1 -1

The slopes of all the vectors Y (x) are bigger than o' or always less than a;, ', never
crossing that value (as for their respective winding ratio). Since ||[Y(z) — EY| <
|(I-E)Y ||, forevery « € D, , the complementary set of D, contained in C,,, includes
all (but not only) vector fields with the same winding ratio as w™, [

3.8. Cut-off of the analyticity strip. Let 0 < p! < p/. Consider the inclusion

n

operator Z,,: A}, — A, by restricting X € A/, to a smaller domain X|D,; € AJ,.

Proposition 3.3. If
0<C<|T™|/(0han-1) and 0< pj < pj, —log(||T™]/Coran-1),

then
|1Z.(I— E)|| < Copou, [T

Proof. The assertion follows immediately. O

3.9. Elimination of far from resonance modes. The theorem below (to be proven
in Section A.1) states the existence of a nonlinear change of coordinates isotopic to
the identity, that gives a new vector field without far from resonance I, modes. That
is, the vector field contains only resonant modes. The fact that we are restricting the
eliminattion to the far from resonance modes avoids dealing with the usual problems
related to small divisors.

For given p,,e,v > 0, denote by V. the open ball in A

!/

ot centred at w™ with radius

E.

Theorem 3.4. Let 0, < ||w™|| and

an:Emin{ﬁ,W}. (3.16)
For all X € V., there exists an isotopy Uy = 1d +u,: D, — D, 1., t € [0,1], of analytic
diffeomorphisms in A, satisfying
LUNX)=(1-tI,X, Uy =1d. (3.17)
This defines the maps
U: V., = A,

o (3.18)
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and
Up: Ve, =T A, & (1= A,
. (3.19)
X — U/ (X)
which are analytic, and satisfy the inequalities
42t
Y(X) —=1d| g— L X,
J84(X) - 1, <, X, -

4 (X) = w™l,, <(3=)|X — w™]]
If X is real-analytic, then 4;(X)(R?) C R%

pntrv:

3.10. Renormalization scheme. A convenient choice for the width of the resonance
cones I, is

(n+1)
. O‘”ﬁ””Q I neNU{o}. (3.21)
e e’
Define B,, by the product
B, =Ay...A,, (3.22)

where A;, < ap(1 + G)||QEV Q%) |71 as in Lemma 2.1. Hence, we have constants
1,2 > 0 (independent of n) yielding
B,

B_S 11 1+ 6) < co. (3.23)

Therefore, using (2.6) and (2.8) a € BC iff

Z:BZ 1 log (U - “) < +o0. (3.24)
i—1

Fix 0 and v as in Proposmon 3.1 and Theorem 3.4, respectively. For py > 0 and some
sufficiently small constant C' > 0 (to be chosen later and depending only on § and v),
take the sequence

Pn (3.25)

TR
G DL BT (o ED LRI

Define now the function

HT(z ||eu+6
B;_1 i 2
Z log(CM“ (3.26)

This means that o € BC'iff B(a) < +o00. So, if pg > B(«), there exists R > 0 such that

Pn > 5 (3.27)

The one-step renormalization operator is
N,=U,0TL,0L,, n €N, (3.28)

where U, is the full elimination of the modes in I as in Theorem 3.4 (for t = 1). The
n-th step renormalization operator is thus

R,=N,o0---oNy, n N,

which is analytic in its domain. Notice that A, (w1 4+ v) = w™, for every v € C2.
Also, in case a vector field X is real-analytic, the same is true for N (X) and R, (X).
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3.11. Trivial limit of renormalization.

Theorem 3.5. Let o € BC and py > B(a). If X € I§ A,, has winding ratio o™, then,
for alln € N, X is in the domain of R, and

IR (X) = Ra(w)llpn < OnllX = wlln (3.29)
where ©, = G111, 57.
Proof. If n =1,
17 £1(X) = D}, 1 < T = E)Lu(X)], 0 + 1L
and, using Lemma 3.2, ||£Al( X)) < 1T = E)L (X)), 4, So, from Proposition 3.3,
172 (@ = E) L2 (X)) 10 < 610 T = E)L1 (XD, 4o p108(60) (3.30)
where ¢, = [|TW]|/(Co?a). Now, Proposition 3.1 yields that

2w\ 7]
0= EYEACO ity <2 (14 55 ) L= )X 1210

The estimate (3.30) and a sufficiently small choice of C' > 0 (depending only on § and
v which are fixed) guarantees Z;£;(X) to be in the domain of ;. By (3.20),

LT L1 (X) = wD |, < 20T0Ly(X) — D[] .
Since (¢1 +9)Ao = po and ||(I—E)X||,, < || X — w]|,,, we then get

2m\ _ aifr(®|?
IRy(X) = Ra (), < 8C (1 i eé) TR
proving (3.29) for n = 1 with a choice of a constant C'.

For n € N, suppose that (3.29) is satisfied for n — 1 and denote X, = R,_1(X) €
I A, . Then, similarly to the above case, (3.11) together with Propositions 3.1, 3.2
and 3.3, can be used to estimate Z, L, (X, 1) — w™ of the order of ©,,, which implies
that it is inside the domain of U, (using an appropriate choice of the constant C'). It
remains to use (3.20). O

X = wllp,

We can generalise the above result for X sufficiently close to w in A, 4, and not
necessarily with only resonant modes, by using an initial operator U, and applying
Theorem 3.5 to Uy(X).

3.12. Small strips. We recover the large strip case by using an initial transformation
Xy =UNL, ... U1 L1(X) so that Xy € LA, with

1

N
— B;_
By po Z )

=1

PN =

and a fixed choice of § and v such that py > 0 for N € N. For that consider a large
enough N and X — w sufficiently small such that Xy verifies the conditions of Theorem
3.5, 1.e. py = O(ﬁ&il) gives a large strip. We need to check that we can find N such
that py > B(ay). This follows from

Blay) = B]\lfl B(a) — By(a) — Z B;_1log (51?721)] ,

where By («) is the sum of the first N terms of B(«). Notice that limy_, 1o By(a) =
B(a) and B(ay) > 0 for all N. Thus, py > B(ay) for N large enough.
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4. ANALYTIC CONJUGACY TO LINEAR FLOW

As a consequence of Theorem 3.5, we obtain an analytic conjugacy between the flow
generated by X and the linear flow, thus proving Theorem 1.1.

Consider the set A, C I A,, inside the domain of R,, for all n € N, whose elements
have winding ratio a~!. By taking X € A,, we denote X,, = R, (X) € I A, so that

Xy = Ea(X) (L1 o Uy -+ Ly 0 Up)*(X), (4.1)

where Uy = Ug(X) = U (Zp L1 (Xk—1)) is given by the analytic map in Theorem 3.4 for
t =1 at the k-th step, and
n(X) = Th(EX,—q) ... m(EX). (4.2)

Notice that if X,, = w™ for some n € N, X is analytically conjugated to w(.
Now, for each X, define the isotopic to the identity analytic diffeomorphism

Wo(X) = P™ ™ 0 U,(X) o P™, (4.3)

on P(")ADM. If X is real-analytic, then W, (X)(R?) C R?, since this property holds
for U, (X). We also have W, (w) = Id.
Take a sequence R, > 0 such that R,||P™| < p,, there exist constants R, R’ satis-

fying
0<R<R,<R <+

and, for some 0 < ¢; < 1 and ¢ > 0,
R, 1—R, > Cz@fbl. (44)

Lemma 4.1. There is an open ball B C A, about w such that, for alln € N, W,,: B —
Apg, is analytic, satisfies W,,(X): Dg, — Dg, , and

W (X) —1d |5, < O [|X —wl,, X € B, (4.5)
with some constants ¢, > 0.

Proof. For any X € A, in view of (3.20), we get

1

[Wa(X) = 1d [z, = IP™ o [Uu(X) —1d] 0 PM||,
<o 1P Ln(Xe) = 0,
We can bound the above as in (4.5) for some ¢, ¢’ > 0.

We shall choose a small enough open ball B about w in A,, such that, for all n € N
and appropriate choices of ¢; and ¢y with ¢ > ¢,

Rn—l - Rn

X — <
IX —wll, < Tt

. XeB.

Therefore, for € D, and X € B,
[ Im W, (X) () || < || Im(Wn (X) () — @) + || Im |
< W (X) = 1d ||g, + Rn/27 < Ry,—1/2.

So we have W, (X): Dg, — Dg,_, and W,,(X) € Ag,. From the properties of il,, W,
is analytic. ]
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Consider the analytic map H,,: B — Ag, defined by the coordinate transformation
H,(X): Dg, — D,, as

H,(X)=Wi(X)o--oW,(X). (4.6)
In addition, take the analytic map n,: B — C given by
1 (X) = Bn16n(X). (4.7)

Lemma 4.2. There exists ¢, > 0 such that for X € B andn > 1,
1Hn(X) = Hyer(X) IR, < ¢O5 | X = wll,,
[72(X) = N1 (X)] < Bt
Proof. For each k =1,...,n — 1, consider the transformations
Gr(z, X) =(Wi(X) —1d) o Id +Gjy1(2, X)) + Grs1(z, X),
Gn(z, X) =2(W,(X) — Id),
with (z, X) € {z € C: |z| <1+ d,} x B, where we have constants ¢, ¢ > 0 such that

(4.8)

C//

S erlx —wll,
If the image of Dg, under Id +Gyy1(z, X) is inside the domain of Wy (X), or simply
G412, X) ||, < (Ri — Ry)/2m,
then Gy is well-defined as an analytic map into Apg_, and
1Gk (2, X)|[r, < [[Wi(X) =1d[|r, + [[Grs1(2, X)]|R,-

An inductive scheme shows that
1Gn(2, X) R, <(Rp1 — Ry)/2m,

n—1

1G(z, X[, <D IWiX) =1 [[g, + [2] [Wa(X) = 1d ||,
i=k

d, 1>0.

<(Rg-1— Ry,)/27.
By Cauchy’s formula
[Hn(X) = Hoa(X) |5, = [[G1(1, X) = G1(0, X)]| &,

[ G,

2mi |2|=1+dn /2 z(z — 1)
2
1Hn(X) = Hyor(X)llr, < o= sup |Gz, X)]g,
n |z|=14dn/2

< 01X — wll,.

Ry
and

Finally, we have

1 (X) = N1 (X)) = Brsz|an_17n(EXy—1) — 1] [§n1(X)]

< Bna H(1 + Bic1) < Bn-1. (4.9)
i—1

O

Denote by Diff . the set of Z?-periodic diffeomorphisms and consider the same norm
as || - [|.
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Lemma 4.3. There exist an open ball B' C B about w, H: B' — Diff,..(Dg, C?) and
n: B" — C such that for X € B, H(X) = lim, 100 Hp(X), n(X) = limy,— 400 70 (X)
and

[H(X) = 1d]lr <l X —wllp, [n(X) = 1] < ] X = wl],, (4.10)
for some ¢ > 0. If X € B’ is real-analytic, then H(X) € Diff*, (R?* R?) and n(X) € R.

per

Proof. Lemma 4.2 implies the existence of the limit H,(X) — H(X) as n — +o0, for
each X in a sufficiently small ball B, in the space Diff ,.,.(Dg, C?) which is closed when
restricting to sufficiently close to identity diffeomorphisms. Moreover, ||H(X)—1d ||z <
| X —wl|,. The same can be said about n(X). The convergence of H,, and 7, is uniform
in B’ so H and n are analytic. The fact that, for real-analytic X, H(X) and n(X)
take real values for real arguments, follows from the same property of each W,,(X) and
T (EX). O

Lemma 4.4. For every X € B', n(X) H(X)*(X) = w on Dg.
Proof. For each n € N the definition of H,(X) and (4.1) imply that
Ho(X)'(X) = &(X) 1P (X,). (4.11)
Since &,(X)"1P™ 'w® = 5, (X)~lw, the r.hs. of (4.11) can be written as
(X)) 'w + E,(X) PP (X, — w™). (4.12)
The second term can be estimated by

— n)* n — n -1 n
Sup 16,(X) T P (X, = ™) (@) < (€. () TP 1K — 0™, (413
T R .
K O,[| X —w,.

Using the convergence of H,, and 7,,, we complete the proof. [

APPENDIX A. ELIMINATION OF MODES

A.1. Homotopy method. In this section we prove Theorem 3.4 using a homotopy
method. The proof is essentially the same of [14], we include it here for completeness.

As n is fixed, we will drop it from our notations. Also, write p' = p, and p = p' + v.
First, we include a technical lemma that will be used below.

Lemma A.1. Let f € A,. If U = Id+u where u: Dy — D,y is in Ay and
lully < (o )/ 4m then

o [[foUlly < fllp+p)s2:

o [Df o Ul < £ s 2

o [[f o U= flly < I lipapryjo lullpr

o [DfoU—Df[l < | -

— p—p

The proof of these inequalities is straightforward and thus will be omitted. Now,
assume that

d=42¢/0 < 1/2.
For vector fields in the form X = w+ f, consider f to be in the open ball £ in A}, centred
at the origin with radius €. The coordinate transformation U is written as U = Id +u,
with u in
B={uel A,:u:Dy — D, [ull, < 6}
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Notice that we have
ITU*(X) = I (DU Y w+ fol)
= (I"(I+Du) (w+ fol).
Define the operator F': B —1"A,,
F(u)=1"(I +Du) (w+ fol). (A.1)

F(u) takes real values for real arguments whenever u has that property. It is easy to
see that the derivative of F" at u is the linear map from I"A), to I"A,:

DF(u)h = T-(I+ Du)_l[Df oUh (A.2)
—Dh (I + Du)_1 (w+ folU).
We want to find a solution of
F(u) = (1 = t)F(uo), (A.3)

with 0 <t < 1 and “initial” condition uy = 0. Differentiating the above equation with
respect to ¢, we get

d
DF(ut)% = —F(0). (A.4)
Proposition A.2. Ifu € B, then DF(u)~! is a bounded linear operator from I- A, to

]I’A;, and
|IDF(u)™ || < é/e.

From the above proposition (to be proved in Section A.2) we integrate (A.4) with
respect to t, obtaining the integral equation:

- /t DF(u,)~! F(0)ds. (A.5)

In order to check that u; € B for any 0 <t < 1, we estimate its norm:
[[all}, < tsup IDF ()= F(0)]I},

< tSHPHDF( )T fll < 2611 £1l /e,

80, |lutll}; < 9. Therefore, the solution of (A.3) exists in B and is given by (A.5).
Moreover, if X is real-analytic, then u; takes real values for real arguments.
It is now easy to see that

U/ (X) —w=T") (=D(U, = 1d))"w + T'U; f + (1 = ) f.
n>2

So, using Lemma A.1,
1

= =T
e @l /22 + 1) 1Al + (= 1)

< l (52”“’” +1> +1—t} 171

Moreover, |[Uf(X) —w =Tt f — (1 = t)I" f|l, = O(||f||2), hence the derivative of X
Uf(X) at wis 1 —t]I :

1UF (X) = wlly (leoll aaelly® +11£115) + (2 = &)1 £l

A\
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A.2. Proof of Proposition A.2.
Lemma A.3. If ||f[|, <& < o/4, then
DF(0) ™ T" Ay =T A,

18 continuous and

Proof. From (A.2) one has
DF(0)h =T(f —Dy)h
_ (]1 _ H—fD;l) Do h,
where fAh = Dfh— Dhf and D,h = Dhw. Thus, the inverse of this operator, if it
exists, is given by
~ —1
DF(0)~! = —D_! (]1 I D;1>
The inverse of D, is the linear map from I" A, to ]I_A’p,:
Dfl — Ik 2mik-a
CEDS ori(k -w)
kel—
and is well-defined by the definition of /~. So,

- ]_+27Tk /
Iz all, < X H el
2 “arolk]

< Zlgly.
o
Hence, |[DZ'|| < 2/o. It is possible to bound from above the norm of f: CA, — Ay
by || f|| < 2HfH’p, Therefore,
7Dt < Sl < 1

and

H@_H_f o) | < o=

The statement of the lemma is now immediate. O

<

Lemma A.4. Given u € B, the linear operator DF(u) — DF(0) mapping 1" A}, into
I-A,, is bounded and

]l dm 4 = 2l — ully
IDE(w) = DFO)] < 37—~ + : HfH;+ el -

lully [\p=p" 1= llull, = ully

Proof. The formula (A.2) gives
[DF(u) — DF(0)]h = T-(I+Du) ' [DfoUh— (I +Du)Dfh
—Dh(I+Du) Y w+ f)oU
+(I + Du)Dh (w + f)]
= I"(I+Du)""{A+ B+ C},
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where
A=[DfoU—-Df—DuDf] h
B = DuDh(w+ f)
C=—-Dh(I+Du) ' [foU— f—Du(w+ f)].
Using Lemma A.1,
47
1Al < (p_ p,HfHLHUHp' + HfHLIHUHLf) [17ll,
1771 o (W PR 1
1

=Tl LAty alleallr + Nully el + 1L£ 1)) IR
o

18]l

IN

1€l

IA

To conclude the proof of Proposition A.2, notice that
_ C1y— ~1
IDFE@)| < (IDFO)7™" = [IDF(v) = DF(0)])

B CAP. dr 4-2 +2_5|| | -
SR R ) AL R 2 L T L g

)
< -
£

The last inequality is true if

o 20 52 4 4—25\1"
8<(5{§——(1_5)2||w||} [1+25+1_5(p_p,+ 1_5)}

with a positive numerator N and denominator D in the r.h.s. This is so for our choices
of e and § < %, by observing that
20
i-op
2

so that N > d0/4, D < 7 and finally ¢ < o] <& < N/D.

wl < 126wl < 7,
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